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-ABSTRACT 
This report describes studies on the behaviour of steel 
compression tee-section members used in double-layer space trusses. 
The studies are supported by a detailed literature survey of more 
than one hundred references drawn from research material published 
over the past two centuries. 
The studies bring together formulae that have been developed 
over the years to predict the strength of column members. Special 
attention has been given to the effects of eccentricity of loading. 
A design approach has been , suggested for predicting the 
pre-buckling and post-buckling behaviour of tee-section columns. 
The influence of initial geometrical imperfections and torsional 
effects has also been investigated. It has then been suggested that 
the smooth behaviour exhibited by the eccentric compression members 
can be - exploited to - give ductile failure " characteristics to - space 
trusses. 
A non-linear analysis FORTRAN 77 computer program has been 
developed to investigate the theoretical collapse behaviour of 
double-layer space trusses. A series of laboratory tests on 
tee-section members and space truss models have been carried out to 
verify the theoretical results. The experiments on the models 
involve the conception and manufacture of joint connections capable 
of subjecting the top-layer chord tee-section members to measurable 
end-eccentricities in their plane of symmetry. 
IWTROOVOTOOW 
Three-dimensional lattice grids are usually highly redundant 
structures. Since it is desirable to use a minimum number of 
different sections in their construction, linear elastic design of 
these structures will generally result in the under-utilisation of 
some members. It is recognised that limit state methods of design, 
now widely used for both steel and concrete frames, are a more 
rational and economical approach to design. There have been several 
attempts (Wolf 1973, Schmidt et al 1977, Marsh 1986) to develop 
comparable limit state methods suitable for the analysis and design 
of lattice grid structures. Foremost among them are the collapse 
methods in which the members of the structure are allowed to deform 
and carry loads into the plastic region. This means that tension 
members deform beyond the yield point and compression members 
deform into the post-buckling region. Such tolerances are quite 
permissible --- in most three-dimensional lattice grids where - the 
performance of the structure is measured not by the configuration 
of an individual member but by the configuration of the overall 
structure. Moreover for such structures the failure of one or 
several members will normally not result in the complete loss . of 
structural integrity. 
Much interest in the use of collapse analysis methods in space 
structures seems to have arisen following the collapse of the 
Hartford Coliseum in 1978. An investigation into the causes of the 
collapse of the structure (Thornton and Lew, 1984) involved a 
non-linear, incremental load collapse analysis to determine the 
total load at the failure of the structure. The results of the 
analysis have been used by Thornton and Lew (op. cit. ) to support 
the theory that the primary cause of the collapse of the - space 
truss was the inadequate bracing to the top chord members. 
Most collapse methods assume that the relationship prior to the 
attainment of maximum load is linear, and that the post-buckling 
characteristic controls the analysis. The first step in the 
analysis requires determining a mathematical idealisation of the 
(xix) 
full loading history of a member to provide convenient data for 
computer programming. This is usually done by approximating the 
load-deformation characteristic of the member by a series of 
straight lines. The number of lines is determined by the 
requirements of accuracy vis-ä-vis the economy of the computation 
process. Unfortunately there is no agreed guideline regarding the 
manner in which such an idealisation should be effected. 
Consequently the relationships adopted by different investigators 
are almost always subjective. 
The main hindrance to a collapse analysis in most lattice grid 
structures, however, arises from the fact that compression members 
exhibit a brittle failure when they fall in the economic range of 
slenderness ratio. As a result the overall collapse of the 
structure occurs suddenly after local failure has taken place in 
one part of the structure. The economy of design - which collapse 
analysis promises is thus not significantly achieved.. To,.. - overcome 
this structural behavioural problem most investigators suggest 
special designs to reduce the brittleness of failure of the 
critical members of the structure. Parke (1988) incorporated "soft" 
members in double-layer space trusses. The soft member was designed 
as a force-limiting device consisting of three inter-fitting 
circular hollow mild steel tubes loaded concentrically. Schmidt et 
al (1977) used special joint connections to introduce large joint 
eccentricities in the top-layer of a square-on-square double-layer 
grid. Marsh (1983) is to date probably the most outstanding 
advocate of eccentricity as a means of optimising space trusses. In 
his studies he used eccentric aluminium tee-section diagonal 
bracings in an offset square-on-square double-layer space truss. 
The use of eccentric members for space truss optimisation is 
based on the fact that although the ultimate strength of a member 
under axial compressive load is significantly reduced if the member 
is at the same time subjected to bending moments, a much smoother 
characteristic is displayed at the maximum load and the 
post-buckling drop-off of load capacity is less severe than that 
exhibited by a member subjected solely to concentric loading. 
(xx) 
Bending moments in a compression member may result from transverse 
forces and/or from a known eccentricity of the axial load at one or 
both ends. As the bending moment approaches zero, the member tends 
to become a centrally loaded column and as the axial force 
approaches zero, the member behaviour becomes similar to the 
behaviour exhibited by a beam. Eccentricity of loading in column 
members may be regarded either as a geometrical imperfection of 
centrally loaded axial members, or as an intended beam-column. In 
the former case the designer would normally use a formula for 
imperfect columns to predict the column strength, whereas in the 
latter case the designer would use an interaction formula for the 
design of beam-columns. 
The current study attempts to investigate in greater detail 
eccentricity effects on the behaviour of mild steel tee-section 
compression members loaded into the plastic region. Tee-sections 
are also used to study the collapse behaviour of square-on-offset 
square double-layer space trusses with the aim of establishing the 
amount of ductility that results from using eccentric in lieu of 
concentric top-layer members. The tee-section was chosen for the 
study because not only is it easily amenable to eccentric loading 
in the plane of symmetry of the cross-section but also because for 
a given amount of material the tee-section has the lowest failure 
loads among the commonest structural shapes. So that as low loads 
as possible should be handled in the laboratory tests it was 
necessary to use the smallest tee-section that could be found. 
Hence mild steel tees of nominal cross-section size 25mm x 25mm x 
3mm were procured from I. S. & G. Steel Stockholders Limited. 
Since the load supported by an imperfect compression member 
begins to fall after the attainment of the maximum value, it would 
be pointless to increase the load on the member beyond the buckling 
load. To monitor the post-failure behaviour the member must be 
allowed to "unload" inelastically as the compressive strain is 
increased. This is the basis of displacement-controlled mechanical 
testing in which the specimen is deformed and a load applied that 
equilibrates with the deformed configuration. This is made possible 
(xxi) 
by the "ability" of the testing machine to hold the test piece and 
measure the resistance exerted by the element on the cross-heads. 
It may be argued that such an "unloading" characteristic would 
never occur in practice where the load applied on the structure 
would not possibly be removed once plastic failure had commenced. 
Nevertheless, post-buckling unloading relationships are useful in 
that they show the true load-carrying potential of the element at 
different configurations. Displacement-controlled testing of a 
complete structure enables the collapse pattern of the structure to 
be monitored. This would not be possible under a load-controlled 
failure. 
"The Euler formula for the elastic critical buckling load of a 
slender column is the earliest engineering design formula that is 
still in use today. The history of this formula, together with its 
modifications by Engesser and Shanley for inelastic behaviour, 
provides the basis for a story that has continuity over the past 
239 years... It needs retelling from time to time to revive 
attention to some lesser known facets and to bring it up-to-date. " 
- Johnston (1983), pp. 2086,2094. 
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CHAPTER 1 
THE Q3Q1CKO. O WO STRENGTH OF CENTRALLY LOADED STRUTS 
1.1 Introduction 
To understand the behaviour of a structure, it is necessary 
first to understand the behaviour of the individual elements of 
which the structure is presumed to be made up of. A space truss is 
usually considered as a collection of finite two-node straight 
members connected together at their joints with "pins". A 
pin jointed truss member can sustain a single type of loading only, 
namely, a uniform axial force. The axial force may be either 
tensile or compressive. The behaviour of structural elements of 
steel in tension is a property of the material and is well 
understood. The behaviour of compressive elements, on the other 
hand, depends on both the material and geometrical properties of 
the element, and is very sensitive to imperfections that may be 
present in these properties. The behaviour of compressive elements 
is less understood than that of tensile members. This is reflected 
in the diversity of formulae developed by various researchers over 
the years to explain the behaviour of column elements. This Chapter 
explores some of the relationships more commonly used to explain 
column behaviour. Analytical expressions have also been developed 
for a parallel flange tee-section column member. 
The behaviour of a compression member is adequately described by 
its load-axial deformation relationship. If a column is shorter 
than a critical length defined by lc =n --7, it buckles after r y 
yielding has taken place. Such a column is said to be short. If the 
column is longer than the critical length, it will buckle at a 
stress less than the yield stress of the column material; such a 
column is referred to as slender. If the column length is equal to 
the critical length, the column buckles at the same time that it 
crushes at a stress equal to the yield stress, and the column is 
Page 3 
said to have transition slenderness. 
There are three basic types of buckling failure of members in 
compression. These are flexural buckling, torsional buckling, and 
local buckling. Flexural (or "column") buckling is the well known 
form of failure, and consists of a sudden bowing of the member in 
the direction of least flexural rigidity when the critical load is 
reached. In torsional buckling the central part of the strut 
rotates bodily relative to the ends. Local buckling appears as a 
series of waves in the component plates forming the section, the 
strut as a whole remaining straight. The three kinds of buckling do 
not necessarily occur separately; there will often be interaction 
between them, depending on the geometry of the section, and type 
and magnitude of loading. 
1.2 Flexural buckling 
In dealing with flexural buckling designers use the "effective 
length" approach, in which an effective slenderness ratio (k11r) is 
arrived at by experience, and is used for reading off the critical 
stress from the strut-curve for the material. The oldest 
strut-curve formula is that due to Euler (1759) and is based on the 
assumptions that: 
(1) the material is isotropic, homogeneous, and obeys Hooke's Law 
in tension and compression; 
(2) the strut is initially straight and the deflections are very 
small; 
(3) the loading is concentrically axial; and 
(4) the strut ends are pinned. 
The basic differential equation governing such a strut (Figure 
(1.1)) is: 
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P 
Deflected shape 
Yý 
T 
P 
Figure (1.1) Centrally loaded pin-ended column. 
d2yPy 
ý; 2 Y7 ... 
(1.1) 
where x is the distance along the member and y denotes lateral 
deflection; P is the applied load, and EI is the flexural stiffness 
of the strut in the weakest axis. The general solution of Equation 
(1.1) is: 
y= cI sin kz + cZ cos kz ... (1.2) 
where k=, and CI and C2 are arbitrary constants of 
integration that are determined for particular boundary conditions. 
For the pin-ended column the critical load P. 
r 
is the well-known 
Euler formula: 
P =P =n2EI cr e 12 ... 
(1.3) 
where Pe is the Euler load, and 1 is the length of the column 
between the ends. If Ar is substituted for I the average stress a 
Page 5 
at the Euler load is: 
P 
.. 2 a 
... (1.4) ß-- -a 
e- ýý cw 
- 6n il/r`L 
where A is the area of the cross-section of the column, and r is 
the least radius of gyration. 
As long as the column is slender the relationship (1.4) for a 
perfect column agrees well with test results, but gives too high 
values when members are short enough for the buckling stress to be 
above the proportional limit of the column material. As a result 
"practical" strut formulae have been devised over the years which 
modify (or even replace) the Euler formula to allow for inelastic 
behaviour. It is apparent from Van den Broek (1947) that Euler was 
conscious of the limitation of his formula due to inelastic 
behaviour of the column material. In fact, as Alexander (1912) 
explains, the Euler formula, correctly interpreted, gives the load 
at which deflection would commence, and not the theoretical 
buckling load. For small values of (l/r) the strut would not bend 
under a smaller load, and would therefore crush before bending 
commenced. 
The differences in the behaviour exhibited between real and 
perfect columns can be explained by factors which may be grouped 
into one of the following categories. 
1. Residual stresses: These arise from plastic strains induced 
during uneven heating or cooling of sections during manufacture. 
They are found in hot-rolled sections and in fabrications produced 
by welding and flame-cutting. Howard (1908), on the basis of tests 
at Watertown Arsenal, was one of the earliest investigators to cite 
residual stress as a probable cause of reduced column strength. 
Other investigators made observations that led to similar 
conclusions (Griffith and Bragg 1918, Salmon 1921). The Column 
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Research Council (1960) has undertaken a very thorough study on the 
effect of residual stresses in steel column sections. More recently 
accurate measurements of welding residual strains and geometric 
imperfections in short and long welded I-sections have been made by 
Davids and Hancock (1986a, 1986b). In their work they reported that 
the magnitude and distribution of residual stresses in hot-rolled 
steel sections are mainly dependent on the geometry of the 
cross-section and its cooling history. From a regression analysis 
of the measured residual stresses, Bradford and Trahair (1986) 
arrived at doubly symmetric quartic distributions in the flanges 
and webs of steel Universal Beam I-sections. 
2. Initial curvature: In Britain rolling mill tolerances are 
governed by the limits given in the British Standards 
specifications BS 4848 (1980) and BS 2994 (1976). For calculation 
purposes it is common practice to adopt a half sine wave to 
represent the initial deflected shape of the column with a maximum 
amplitude of one thousandth of the length. It has been suggested 
that a more complicated function for maximum amplitude, involving 
geometric parameters of the cross-section, is needed to account for 
deformations induced during erection (Young, 1973). It is, however, 
difficult to know how to make the correct allowance for this. 
Chapman er al (1956) made deflection measurements on a model of the 
main truss of the Ganga Bridge as erection progressed. The results 
compared favourably with theoretical predictions based on the 
elastic theory of bending. 
The following classic quote from Alexander (1912, p. 15) 
suitably clarifies the on-going discussion concerning the shape of 
a bowed column: "For the design of small struts, a sine curve is 
just as good as the true curve, but so also would be an arc of 
almost any other curve. Circular arcs and parabolic arcs have been 
used, and results quite as good obtained. There is no special 
merit, for the purpose, in a sine curve. The true curve is not a 
curve of sines, but it is the elastic curve sometimes called the 
Linterearia, or Elastica. The sine curve has none of the properties 
of the Elastica, and the only thing that can be said for a sine 
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curve is that when the versed sine diminishes and finally 
disappears, the factor in the equation, denoting the length, 
approaches the same limit as the corresponding factor in the 
equations to the Elastica. " 
3. Accidental eccentricity: Many of the investigators who have 
studied the behaviour of struts in the inelastic range have assumed 
that the variations in the critical buckling stress were the result 
of unavoidable eccentricity in the loading of a straight strut, or 
alternatively due to initial curvature in the strut, or a 
combination of these two circumstances. The coefficient of 
eccentricity i can be expressed as a polynomial of the form 
(Godfrey, 1962): 
il = ao + al (1/r) + a2 (1/r)2 + ... 
where ao, at, ... are numerical constants. 
... (1.5) 
The effects of eccentric loading and initial bow are very 
similar (Allen and Bulson, 1980). An eccentrically loaded strut can 
be interpreted as a strut with a constant initial bow which changes 
sharply to zero at each end. The Fourier components of this uniform 
bow eo are obtained as: 
Z 
al sin 
(Lv). i=1,3,5,... Co = 
where al = 4eo/iic. 
... (1.6) 
As the critical load is approached all the terms but the first 
become negligible, and the eccentricity is equivalent to a 
sinusoidal initial bow of amplitude al = 4eo/rc. 
Existing strut formulae generally take into account the maximum 
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possible magnitudes of the defects of initial curvature and 
accidental eccentricity by the adoption of empirical constants. 
More rational formulae were suggested by Salmon (1921,1931) and 
Warren (1939). 
4. End restraints: The fact that 
provided with hinged ends has led 
length", kI, the four standard cases 
struts in practice 
to the concept 
being shown in 
the 
are rarely 
of "effective 
Figure (1.2). 
In design kl rather than l is used in 
equation. Wood (1974) proposed 
effective lengths of columns in 
Structural Stability Research Council 
"Effect of End Restraint on Initially 
appropriate strut curve 
formulae for, 
multi-storey 
(SSRC) Task 
and tabulated 
buildings. The 
Group 23 on 
Crooked Columns" was set up 
in 1979 in the United States to carry out thorough research on the 
influence of end restraint on column strength and behaviour of 
imperfect steel columns (Chen, 1980). 
1 Dashed line 
shows buckled 
shape of 
column 
t 
t t t t 
t 
k 0.5 0.7 1.0 1.0 2.0 2.0 
' Rotation fixed, Translation fixed 
End condition T Rotation free, Translation fixed 
code T Rotation fixed, Translation free 
1 Rotation free, Translation free 
Figure (1.2) Effective-length factors k for centrally loaded 
columns with various end conditions. (From Johnston, 1976). 
A rational strut formula should involve terms representing the 
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imperfections discussed above. The following are probably the best 
known "practical" column formulae. 
(a) Rankine's and other early formulae: Rankine (1866) first 
published his very famous column formula in the first edition of 
his "Manual of Applied Mechanics". In the Rankine formula, it is 
assumed that the strength varies inversely as the square of the 
length and directly as the applied load. This gives: 
ß 
w-Y V= 
cr 1+ k(l/r)Z ... cý. ýý 
The relationship (1.7) has probably been used more generally 
than any other, although the constants k and Cr 
r 
employed have been 
given different values by various authorities to provide for all 
possible causes of departure from ideal conditions, and for the 
effects of varying forms of column section, etc. Drury (1932) put 
the value of k at "smaller than 1/8000" when (1/r) = 0. Warren 
(1936) established, by the method of least squares, the values of 
the constants as k= 1/8267 and a= 122 N/mm2 for mild steel. He 
r 
also established, by trial and error, the following formula for 
high tensile steel: 
6 
,. -Y v- 
Cr 1+ k(l/r)3 ... 
(1.8) 
giving a= 167 N/mm2 and k= 1/767000. One modern version (Allen ra 
and Bulson, 1980) of the formula (1.7) gives k=r. Fidler 
n2 E 
(1931) introduced factors providing for eccentricities of loading 
and developed a formula whose solution is: 
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ß= 
cr 
a +a - ey 
2 rß 
+ßý -2.4a °ß lý yJ y 
Johnson (1893) put forward the following parabolic formula: 
ßcr = ay - k(1/r)2 
... (1.9) 
... (1.10) 
where k is a constant dependent on material and end conditions. By 
assuming that the column is initially straight but is accidentally 
eccentrically loaded by an amount e0, and that the resulting 
deflected form of the column is parabolic, Moncrieff (1901) deduced 
for a fixed-ended column the following formula for giving the 
slenderness ratio (l/r) corresponding to the stress a at a distance 
c from the neutral axis: 
(l/r) / -Tn ln`/... (1.11) 
+ 5a 
r 
Von Tetmajer (1903) derived the following empirical formulae from 
the results of tests on mild steel struts with pointed ends: 
ý 
= 3.10 - 0.0114(11r) for 0< (1/r) < 105 Cr 
ar=ß= 21220 for (1/r) > 105 
(1/r)2 
ar_a _21220 0 (I/r)2 
for (1/r) > 105 
... (1.12) 
where the stresses are in tons/cm2. 
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(b) Tangent modulus formula: This relationship is based on the 
assumption that the behaviour of struts in the inelastic range can 
be explained by the existence of a variable modulus of elasticity, 
the tangent modulus, EE (Engesser 1895a, Considere 1891). The 
Eulerian E in Equation (1.4) is replaced by E, and therefore for a 
pin-ended strut, 
n2 E 
a=a=`... (1.13) 
cr t (llr)2 
Jasinsky (1894) reasoned that when a strut buckles the stress on 
the convex side is reduced, hence the moment-curvature relationship 
should be determined by using Young's modulus, E, on the convex 
side of the strut and the tangent modulus, E,, on the concave side. 
This reasoning led Engesser (1895b) to produce a further variable 
"reduced" modulus or "double" modulus, E, intermediate between E 
and E which is dependent on both the stress-strain relationship 
of the material and the cross-section of the column. Tests carried 
out by von Kärmän (1908) seemed to confirm the theory, and for a 
rectangular section he obtained: 
4E E 
(VE+r-) 
Although research on test pieces by some authorities, such as 
Kollbrunner and Meister (1961), gave lower results than those 
expected from the Engesser-Kärmän theory, fundamental studies by 
Shanley (1947,1957) have confirmed the tangent modulus approach 
which is now accepted as a good theoretical explanation of 
inelastic column buckling. Bleich (1952, p. 19), summarised 
Shanley's work stating that: "The tangent-modulus load does not 
accurately define the actual buckling load, the load which the 
column can carry without too large a deflection, but it can be 
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considered as a lower limit of the buckling load, a limit which for 
most of the metals used in structural engineering lies only 
slightly below the critical column load. The tangent-modulus load 
therefore may be considered as the critical load, and we are 
justified in basing column formulas on Engesser's original 
equation... " 
(c) The secant formula: The secant formula assumes that failure 
occurs when the extreme fibre stress reaches the yield strength of 
the material. This formula appears as: 
a' =a+ec sec 
(1/r) 
y ýý r? 
ýý ... (1.15) 
where c is the distance from the centroid of the section to the 
outermost fibre of the concave side of the strut, and (1/r) is the 
slenderness ratio in the same direction as c. The secant formula 
is a special case of the more general solution of eccentrically 
loaded columns which are discussed in detail later. The secant 
solution, however, generally gives high values of buckling strength 
for intermediate-length members and too low values for short 
members (Ketter et al, 1955). 
(d) Perry-Robertson formula: The relationship was first deduced 
at the beginning of the 19th century and was rediscovered by Perry 
and formed the basis of his joint paper with Ayrton (1886). The 
relationship is derived for a column with an initial sinusoidal 
bow, and yields: 
... 
(1.1Öý 
ý0,, ( 
Qc 
T=+ 
(1 + 't'ý)6 
ýý 
-j ßY + (1 + v6x - Qy 6, 
where the coefficient of initial curvature, 71, is obtained 
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experimentally. Robertson (1925) suggested that il = 0.001(11r) was 
a good average while 11 = 0.003(1/r) represented the lower limit of 
the experiments. This latter value 11 = 0.003(1/r) was used in the 
British Standards Code of Practice for the design of steel 
structures BS 449 until 1969, when it was replaced by an expression 
proposed by Godfrey (1932). Merchant (1949) used a perfectly 
elastic-plastic simplified stress-strain relationship for steel to 
develop a formula some sort similar to the Perry-Robertson formula 
(1.16) but with a better logical basis. 
The Perry-Robertson formula is widely used in the United Kingdom 
for predicting the failure strength of steel struts. In the British 
Standards Code of Practice BS 153 (1972) for steel bridge design 
the magnitude of the failure stress predicted by it is determined 
by the coefficient il = 0.003(1/r), while BS 449 (1969) uses tl = 
0.3(1/r)2 x 10-4. In the limit state design Codes BS 5400 (1982) 
and BS 5950 (1985), which have superseded BS 153 and BS 449, 
respectively, the mean stress is also defined by the 
Perry-Robertson formula but the "Perry factor", B, is obtained 
from: 
. -t-- .1 rt = 0.001a I (11r) - 0.2it /6I but not less than zero ... (1.17) L ý/ rJ 
where a is the Robertson constant, which is assigned values between 
2.0 and 8.0 depending on the type of section and the axis about 
which buckling can occur. 
Research undertaken in France led to the adaptation in the 
French Standard Regles C. M. the Perry-Robertson formula with 11 a'e _ 
0.3ay (Dutheil 1949,1953). 
The European Convention for Constructional Steelwork (1978) 
recommends three basic column curves based on extensive 
experimental and computer analyses of columns with various 
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cross-sections and residual stresses, and with an initial bow of 
1/1000. 
The American Institute of Steel Construction (1969) takes the 
mean stress at failure to be identical with the Euler stress for 
slender struts 
[(lIT) 
>nF For shorter struts the mean 
,/r 
stress at failure is given by: 
a =a 1 
ýy 
cr y e 
6 
fi a 
r ý 
COMPRESSION 
TENSION 
E ý 
Figure (1.3) The stress-strain curve of an ideal elasto-plastic 
material. 
... (1.18) 
(e) Jezek's formula: If it is assumed that the steel is ideally 
elastic and ideally plastic (Figure (1.3)) then it is possible to 
calculate the effect of eccentric loading on any section. These 
calculations have been undertaken for all structural shapes, 
producing families of curves for each (Jezek, 1937). Jezek found 
that the section which had the lowest critical stresses was a 
tee-section, and he deduced the following formula for it: 
C 
Page 15 
s rý ana2 'n a3 
(1/r)2 = ýa 
E1-a- `6 + 0.25 a- 
`6 - 0.005 a- 
`a 
cry cr y cr y cr 
... (1.19) 
where il is the coefficient of eccentricity. In the German Code of 
Practice DIN 4114 (1952) the eccentricity of loading is taken asU 
and initial curvature is , giving 11 = 2.317(0.05 + 0.002(1/r)). 
Jezek's studies on eccentrically loaded struts are discussed in 
greater detail in Chapter 2. 
(f) Johnston's formula: Combining the concepts upon which the 
secant formula (1.15) and the Perry-Robertson formula (1.16) are 
based Johnston (1976) has derived the following approximate formula 
for a pin-ended column with an initial out-of-straightness eo at 
its mid-length and an eccentricity of load e: 
=a 1 y cr a 
G 
e 
... (1.20) 
where c is the distance from the centroid of the section to the 
outermost fibre of the concave side of the bent strut, and r is the 
radius of gyration in the same direction as c. 
(g) Straight-line formula: The straight line formula is obtained 
by fitting a straight line to test points in the inelastic range. 
Formulae of this type appear as: 
r2c 
1+0.236e + 
er c 
2 
a 
1_Ca 
e 
1- cr 
a= al - k(11r) ... (1.21) 
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There may also be an overriding requirement that the stress should 
not exceed a certain value, in which case another horizontal 
straight line is added. The straight line does not give a. good fit 
for a material having a sharp stress-strain relationship. 
Alexander (1912, pp. 22,23) attacked straight-line formulae as 
"unscientific, and cannot possibly accord, with any degree of 
accuracy, with the results of experiments, or with true theoretical 
conditions, except over a very limited range ... and it would be, in 
reality, much better to plot the results of experiments in diagram 
form and draw curves... passing through the loci of the apparently 
most representative results, and then obtain intermediate values by 
scaling or by construction of empirical formulae... " Shanley (1957) 
agreed, and described as irrational the results obtained from the 
straight line and parabolic formulae when used beyond the 
short-column range. Godfrey (1932) argued that it was erroneous to 
frame formulae to be used indiscriminately for both slender and 
short compression members ("structurally permissible members", that 
is, members with slenderness ratio up to 125 or 150 (sic)). Godfrey 
went on to show, by rigorous mathematical derivations, that short 
columns should be proportioned on the generally discredited 
straight-line formula, and that slender columns should be 
proportioned only on a formula of the form of the Euler formula. 
For the range between (1/r) = 40 and (1/r) = 120 Drury (1932) 
found the straight-line equation ß=8.4 - 0.045(1/r) fits almost 
exactly the Gordon-Rankine Equation (1.5). Dwight (1961), referring 
to work done by Alcan Industries (1956), pointed out that in 
practice it is possible, with minimal errors, to construct a 
straight-line to represent column behaviour at all slenderness 
ratios, since the errors introduced will be small compared with 
those inherent in the guessing of the effective length. 
Figure (1.4) shows some of the curves discussed above drawn for 
mild steel Grade 43 with yield stress ay = 301 N/mm2 and Young's 
modulus E= 207054 N/mm2. These are the mean values of yield stress 
and Young's modulus that were obtained in the tensile tests 
described in Chapter 3. 
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350 
.... ý 
BS 153 (1972) 
BS 449 C1972) 
......... . BS 5950 (1987), a+3.3 
EULER (1753) 
FRENCH REGLES C. M. (1$56) 7 
RANKINE (1866) 1 
60 80 100 120 140 160 182 200 
Slenderness ratio 
Figure (1.4) Comparison of different column curves for structural 
steel of Young's modulus E= 207054 N/mm2 and yield stress ay= 301 
N/mm2. The values of Young's modulus and yield stress are those 
which were obtained from the experiments described in Chapter 3. 
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1.3 Torsional buckling 
To improve resistance of a column to flexural buckling the 
designer seeks to minimise the cross-sectional area of the column 
and maximise the radius of gyration. This leads to the use of 
thin-walled sections with wide flanges or webs. There is a limit to 
which this process can be carried because wide and thin sections 
are prone to instability due to torsional buckling and local 
buckling. The tee-section falls in this category. 
The basic formula for pure elastic torsional buckling of an 
axially loaded strut was derived by Wagner (1929). For a pin-ended 
strut in which the ends are free to warp, but are prevented from 
twisting, he obtained: 
ß1, =T'}' 
"oI 
0 
where: 
ß= elastic critical stress; 
G= shear modulus for the material; 
J= St. Venant torsional factor; 
to = polar moment of inertia about the shear centre; and 
CW= warping torsion factor with respect to shear centre. 
... (1.22) 
To take into account different boundary conditions kl is used 
instead of 1. For example if the section is built-in with ends 
fixed against rotation and not free to warp, the second term in the 
relationship (1.22) is multiplied by four. 
In the expression (1.22) it is assumed that the section rotates 
about its shear centre but Lundquist (1937) and Kappus (1938) 
showed that the section would rotate about an axis that would make 
6ý 
ra 
minimum, and that in general this axis would not go through 
the shear centre. Consequently 1o and C in relationship (1.22) 
GJ 
. 
n2ECW 
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the shear centre. Consequently to and CW in relationship (1.22) 
should be referred to the actual centre of rotation. Although 
Kappus (1938) gave procedures for finding the preferred axis, it 
was Timoshenko's (1945) version of the solution that was preferred. 
Just as with flexural buckling, the elastically calculated 
torsional buckling stress needs to be modified to allow for 
inelastic behaviour of the material. Ramberg and Levy (1945) 
suggested that the elastic critical stress be factored by EJE. 
Dwight (1961) suggests that for design purposes it be assumed that 
the reduction in buckling stress due to inelastic behaviour is the 
same for torsional as it is for flexural buckling. However, the 
usual assumption is to multiply the solution to the elastic 
torsional buckling load P by E/E (Allen and Bulson, 1980). The 
maximum torsional buckling strength of a member is influenced by 
geometrical imperfections, eccentricity of load, residual stresses, 
etc., so that the theoretical critical stress based on perfect 
conditions is not realised in practice, in the same way that the 
Euler buckling stress is not reached in the flexural buckling of 
struts. In the case of flexural buckling the effect of 
imperfections is accounted for by using a strut curve as discussed 
in Chapter 1. For torsional buckling, the maximum stress is 
estimated by entering the strut curve for weak axis flexural 
buckling at an equivalent slenderness ratio (1/r)cq, given by: 
__ 
n2 
2 
a. 
-r(torsion) 
E 
eq 
Assuming the following notation: 
a 
P= M"` (1/r)* = 
Ai ß r 
-V -cr(f t exural) 
... (1.23) 
Equation (1.23) may be written as: 
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*6 
=ßr (lýr) eq cr(to rsion) 
2(P P2 yU 
cr l cr 
For design purposes the critical elastic torsional buckling stress 
is calculated, (1/r) 
eq 
determined and the corresponding value of N 
used to find the maximum torsional buckling stress a Studies 
max . 
have shown that for a range of structural sections, the maximum 
torsional buckling stress is never more than a few percent less 
than the weak axis flexural buckling stress (Allen and Bulson, 
1980). 
1.4 Flexural-torsional buckling 
A torsionally weak column of open cross-section (such as a 
wide-flange member, a tee, or an angle) is apt to twist as well as 
bend during buckling failure. The most widely used expression for 
finding the critical flexural-torsional buckling load of a column 
is due to Timoshenko and Gere (1961), that is the 
flexural-torsional load P is the smallest root of the cubic: cr 
x -(p" - Pý) 
(Pcr 
- Pyl 
(P" 
- Px) - 
where P and P Yx 
the principal axes 
value for torsional 
and y coordinates 
not have an axis 
not coincide, and 
2 2r PxP 
Cr o Cr 
-p1= 0 
... (1.24) 
- PyJ 
... (1.25) 
are the critical values for flexural instability in 
y-y and x -x, respectively; P is the critical 
instability; xo and yo, respectively, are the x 
of the shear centre. If the cross-section does 
of symmetry, the centroid and shear centre will 
flexure and twisting will always occur together 
and PCt is less than PY, Px or P.. If the y-y axis is the symmetry 
axis, xu =0 and the equation simplifies to: 
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(Pc 
r -PI xJ ÄPc r - 
PYl (Pc 
r- 
Pýl - Pz cr 
ys0 =0 ... (1.26) 
If P is the smallest of the three roots, the column will buckle in 
pure flexure. Otherwise flexural-torsional buckling will take 
place. If the cross-section has two axes of symmetry, then yo 
= 0, and the Equation (1.25) simplifies to: 
(Pc 
r- 
Px) (Pc 
r- 
Py) (Pc 
r 
= XU 
- Pýl =0... (1.27) 
The three roots are P, PP. and P and the column buckles in pure 
flexure or pure twisting, depending on which of the three roots is 
smallest. 
A simple check for ascertaining the buckling modes for pin-ended 
angle and tee section columns without solving Equation (1.25) was 
suggested by Kitipornchai and Lee (1986a). For example, tee struts 
having rX/Y > 1.0 will undergo flexural-torsional buckling; when 
r /Y < 1.0 failure will be by flexural buckling and when x=Y, 
the two failure modes coincide. The above ratios assume the y -y 
axis is the axis of symmetry. For single equal-leg angle struts 
flexural buckling is the mode of failure, while for single 
unequal-leg angle struts flexural-torsional buckling is always the 
dominant failure mode. If, however, the struts have slender legs or 
are stocky, local plate buckling may govern the failure of the 
strut. 
1.5 Local Buckling 
In thin-walled sections significant local deformations can occur 
in one or more of the plate elements of which the section can be 
considered composed; the bending theory assumption that "plane 
sections remain plane" is no longer valid. The question of end 
conditions does not arise in local buckling. For a plate of width 
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B, thickness t and length 1, simply supported along its four edges 
and subjected to a uniform endlong compression, the elastic 
buckling stress 6c 
r 
is given by: 
6_kE 
cr tB7-tj ... (1.28) 
where the factor k depends on aspect ratio L and Poisson's ratio µ. 
The plate deforms into a series of buckles of definite 
half-wave-length. The local buckling of a complete section is, 
however, more complex because one part of the section will in 
general want to buckle first but will be restrained to a certain 
extent by the rest of the section which is more stable. Lundquist 
and Stowell (1942) investigated the local buckling of a complete 
. section. Their energy and moment distribution theories were upheld 
by tests reported by Chilver (1951) and Harvey (1953). Khan and 
Walker (1972) proposed a simple method for determining the 
theoretical buckling loads for plates loaded along parts of their 
edges. 
Dawson and Walker (1972) derived explicit expressions for the 
local buckling of a generally imperfect, simply supported plate and 
used these expressions to develop a design method for thin-walled 
beams, which is more versatile than the tedious implicit procedures 
of most design specifications, such as the British Standards Code 
of Practice BS 5950 (1985) and the American Institute of Steel 
Construction (1969). 
In design local buckling is usually taken into account as 
follows (Dwight, 1961): 
1) Sections composed of a number of plates meeting in a common axis 
(such as angles and tees) are best dealt with in terms of 
torsional buckling. 
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2) I, Z and Channel sections and rectangular tubes can be handled 
with the aid of specially prepared design charts. 
3) For other sections it is often adequate to assume that every 
plate is simply supported where it meets others; the critical 
stress is worked out separately for each plate. 
When the value obtained for aC 
r 
is above the proportional limit, 
some modification is necessary to allow for inelastic behaviour. 
Designers prefer to replace E by Et as this gives conservative 
results (Dwight, 1961). For columns of practical length account 
must be taken of possible interaction between local buckling and 
the overall flexural buckling of the column as a whole. The growth 
of local waviness with load reduces the flexural stiffness of the 
section thus increasing the susceptibility to overall collapse. BS 
5400 (1982) and BS 5950 (1985) allow for this effect very simply by 
taking a constant effective width and disregarding the rest of the 
section, however long the member. A less pessimistic kind of 
approach is favoured in light-gauge construction, where the 
Perry-Robertson strut formula is used with a_. replaced by the mean 
stress at failure of a short column, ao, i. e. 
r 
a 
acr=ýao+(1+ý)aýI - 
/{a0 
+ (1 +ý)aýý - aoaý ... (1.29) 
A similar method is used in the United States but based on a 
Johnson-type parabola (Johnson, 1893), giving: 
Cl =a- 
ßö (1/r)2 
... (1.30) -CT o 47G2 E 
In the present study local buckling effects on column behaviour 
have not been taken into account. 
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1.6 The post-buckling behaviour of tee-section struts 
The importance of post-buckling characteristics on the stability 
of structures lies in the fact that at or near the critical load 
there exist other adjacent equilibrium paths besides the 
fundamental path. These other paths may exist at loads less than 
the critical value and hence create potentially harmful properties 
with regard to load-carrying capacity (Supple, 1973). There is a 
paucity of published research work on the theoretical post-critical 
behaviour of columns. This can be attributed to the fact that even 
the most conservative structural designs in which the performance 
of the structure is controlled by compression members consider the 
structure unserviceable after a compression member has reached its 
critical buckling load. This approach is usually justified because 
the failure of one such member may precipitate a global failure 
through the "domino" effect resulting from a redistribution of 
loads among some other members of the structure (Supple and 
Collins, 1980). 
However, in certain types of highly redundant space trusses, 
following a localised failure of a member or members, the structure 
as a whole may still retain integrity and be capable of carrying 
increased loads. In such cases the failed members will behave 
according to their post-critical characteristics. The analysis of 
the structure beyond the point at which first local failure occurs 
is sometimes referred to as a collapse analysis. Collapse analysis 
may take one of two approaches: either the failed members are 
"removed" from the analysis altogether and the structure 
reconstituted accordingly (Marsh, 1986), or they are included in 
the analysis but their geometrical and stiffness properties are 
adjusted in accordance with their post-critical characteristics. 
Member removal will generally involve more complex computer 
programming and cumbersome data handling, while the second, more 
accurate technique will involve more computing time as explained in 
Chapter 4. 
A major contribution on the subject of the post-critical 
Page 25 
behaviour of columns was made by Paris (1954). He derived an 
approximate load-axial deformation relationship for pin-ended 
columns loaded into the inelastic range. Consider a column loaded 
axially as shown in Figure (1.5). If the column has slenderness 
ratio (11r) greater than 
[7t l 
then upon reaching Euler's 
load Pit will buckle elastically., Initially there is very little 
change in the load as the axial deformation increases, but as some 
fibres of the column begin to yield, the buckling becomes plastic 
and is accompanied by a decrease in load with increasing axial 
deformation. 
Figure (1.5) A column loaded into the post-buckling region. 
The pre-critical deformation, B., is linear elastic and is given 
by Hooke's Law as: 
S -P 
l 
c- TE ... 
(1.31) 
The axial deformation, S, of the column in the plastic range may be 
treated as the sum of the strain due to direct stress (S 1 and that 
due to flexure (Sb), that is: l 
'1 
Page 26 
S=Ss+Sb ... (1.32) 
The strain due to the direct stress is the ratio of direct stress 
to modulus of elasticity, or: 
SS=ý = ýý ... 
(1.33) 
Considering Figure (1.5), the portion of the axial deformation 
resulting from flexure, 8 b, 
is given by: 
I 
Sb=f 
0(ds-dz) 
... (1.34) 
where s is the length along the longitudinal axis of the column, 
and x is the coordinate length parallel to the length of the 
column. It can be shown that: 
(ds-dx)=ý(ý)2dx ... (1.35) 
where y is the transverse deflection coordinate along the column 
length and 
dy is the slope of the deflected shape of the member. 
The relationship (1.32) then becomes: 
S_P 1+1 (dyl2dx 70 ýx J ... 
(1.36) 
To integrate Equation (1.36), it 
, 
is necessary to know the 
relationship between y and x. This is normally assumed to be a 
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half-sine curve (Lin, 1950), that is: 
sin ... (1.37) y=Y. 
(]; l 
where ym is the lateral deflection at the column mid-height. 
Differentiating Equation (1.37), substituting into (1.36) ' and 
integrating yields: 
S=P1+n2 
ym 
2 
ýE ý7- 
The column will be most stressed at the mid-height where the 
distribution of stress is as shown in Figure (1.6). The coordinate 
distance from the axis of least moment of inertia towards the 
neutral axis is denoted by z, while p is the distance from the 
neutral axis to the yielding fibre of the cross-section. The exact 
determination of p is very complex (Lin, 1950). 
... (1.38) 
For simplicity 
Paris (1954) assumed that the stresses on each side of the neutral 
axis were fully plastic and therefore had a rectangular 
distribution as shown in Figure (1.7). This gives: 
ym 
fa z dz 
... (1.39) Ja dz 
and for a rectangular cross-section of depth d and area A Equation 
(1.39) can be evaluated as: 
d6y A-Pý 
Ym=ý-ýý ... (1.40 
y 
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ym 
-ºz + 
Figure (1.6) Actual plastic stress distribution across a column 
cross-section. 
ym 
r_ri 
LH 
Z r7T7 
1+ 
Jill 
Toy 
Figure (1.7) Assumed plastic stress distribution across a column 
cross-section. 
Page 29 
Hence: 
Pl 1L2d6yA P 
ýE+a7ý-P--ý 
r 1' ... (1.41) 
Equation (1.41) is an approximate relationship between the axial 
deformation S and the load P of a centrally loaded pin-ended 
rectangular section column in the inelastic post-buckling region. 
The second term of the expression (1.41) vanishes when P=ßrA= 
yield load. This is consistent with the assumption made above that 
the section is fully yielded at the critical buckling load. This 
means that Equation (1.41) should give curves that are higher than 
the actual ones, and the gap widens with increasing column length 
because slender columns buckle at loads much lower than the yield 
load. 
The expression (1.41) may be applied to many other sections by 
calculating an equivalent rectangle provided that local buckling 
does not take place. The method for calculating an equivalent 
rectangular section is explained in Section (1.6.3) where it is 
applied to the tee-section. 
Supple and Collins (1980) have used the method of Paris (1954) 
directly, without reference to Equation (1.41), to derive 
post-critical load-axial deformation relationships for tubular 
columns. Collins (1981) also derived post-buckling expressions for 
similar tubes but the deflected shape of the column was assumed to 
be composed of a sinusoidal hinge bounded by two equal length 
straight sections. The results were slightly more conservative than 
those obtained by Supple and Collins (1980). Supple and Collins 
eliminate ym from Equation (1.38) by noting that the condition of 
equilibrium at the column mid-height is: 
Y 
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M=P 
or 
M 
ym ý 
... (1.42) 
where M As the moment of resistance at the cross-section centre. 
Equation (1.38) may thus be rewritten as: 
1 7C2 (M) 2 
ý-ý. +ý7(-F ... (1.43) 
The moment M is computed by assuming a stress distribution, ß, at 
the centre of the section governed by some arbitrary linear 
parameter, say Z. The stress distribution will have an associated 
axial load, P. If a fully plastic stress distribution is assumed, 
then: 
P=JA adA =f(aY, z) 
and 
MJaz dA =g(aY, z) 
A 
... (1.44) 
... (1.45) 
The parameter z is eliminated by solving simultaneously Equations 
(1.44) and (1.45). The resulting expression for M is substituted 
back into Equation (1.43) to give the relationship between the 
axial deformation, S, and the load, P. This simplified method can 
be applied to any section free from local buckling. The following 
paragraphs derive P-S expressions for the parallel-flange 
tee-section with dimensions shown in Figure (1.8). The column, 
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centrally loaded, could buckle about either of the major axes, x-x 
or y-y, depending on the relative magnitudes of the values of I X 
and IY. If Ix < Iy buckling will occur about the x-x axis; if Ix > 
Iy buckling will occur about the y-y axis; and if IX = Iy buckling 
could occur about either axis. Some of the circumstances under 
which a column will buckle about the x-x axis even when I>I are zy 
discussed in Chapter 2. 
1.6.1 Tee-section strut buckling about y-y axis 
The P-S relationship for a tee-section column depends on the 
position of the neutral axis with respect to the flange and the 
web. If buckling of the column takes place about the y -y axis, then 
the neutral axis parallel to the y-y axis either lies within the 
web or outside it. The first situation arises in the early stages 
of the post-buckling process, but as the lateral deflections become 
large the neutral axis shifts towards the convex side of the bent 
column until the second situation is achieved. The transition 
between the two cases is when the neutral axis just grazes the edge 
of the web. Both of the above possibilities will be investigated. 
(i) Neutral axis lies in the web 
The associated fully plastic stress block for this case is shown 
in Figure (1.9a), and the equilibrium equations are: 
P=2zDa 
y 
and 
2 
W 2F " 
... (1.46) 
Q 
- t, II,, r ... (1.47) 
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Figure (1.8) Tee- section cross-section dimensions. 
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(b) Neutral axis outside web 
Figure (1.9) Stress blocks for tee-section strut bending about y-y 
axis. 
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From Equation (1.46): 
P 
z=2D a 
r 
This value of z is substituted into Equation (1.47) to give: 
M=YB2tf+tWD 
D 
P2 
ß2-tWtf 
y 
... (1.48) 
... (1.49) 
Substituting Equation (1.49) into (1.43) yields the P-S 
relationship: 
S ý+ý 
ý, 
y B2 tf+tWD - 
P22 
Dß 
y 
tw tf 13 ... (1.50) 
(ii) Neutral axis lies outside the web 
The stress block for this case is shown in Figure (1.9b). The 
resulting equilibrium equations are: 
P f(D - tfl t M+ 
2z tf] ay ... (1.51) 
and 
(-. M=z2ltt a 
1r ... 
(1.52) 
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From Equation (1.51): 
1[ 
z=2T - 
(D 
- tf)tW 
fyl1 
The above value of z is substituted into Equation (1.52) to give: 
t-f (T 
- 
(D 
- tfltW 
tfYJ 
... (1.53) 
... (1.54) 
Substituting Equation (1.54) into (1.43) yields the required P-S 
relationship: 
r 
1= ... (1.55) 
I+ý2 tf ßy 
B2 
il ä- (D 
- tfItWJ2 
oyJ L' 
The second term of Equation (1.55) vanishes when: 
P= [B tf + 
(D 
- tot 
] 
aY =A aY = yield load, just like before (p. 29). 
The transition load P for which Case (i) coincides with Case (ii) 
can be derived by equating Equations (1.48) and (1.53); thus: 
ZU 0 
ý-[ßY 
- (D_tf)tW] 
or 
P=t Dß ... (1.56) wy 
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which is the yield load of a member of 
rectangular cross section of depth D 
and width tW, represented by the shaded 
area in Figure (1.10). 
i 
ýý 
W 
Figure (1.10) 
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Figure (1.11) Stress blocks for tee-section strut bending about x-x 
axis. 
1.6.2 Tee-section strut buckling about x-x axis 
If the bending occurs about the x -x axis then again two possible 
cases arise: the neutral axis parallel to the x -x axis lies either 
in the flange or in the web of the tee-section (Figure (1.11)) 
I 
I 
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depending on the extent to which the column is bent. Both cases 
will be investigated on the assumption that the bent strut is 
convex on the outside of the flange. 
(i) Neutral axis lies in the web 
From Figure (1.11a) the equilibrium equations are derived as: 
P=[ (D - 2Cy + 2z) tW - 
(B 
- W) to ay ... (1.57) 
and 
M= C2 ay ... (1.58) 
From Equation (1.57): 
z=2 -tw6 + 
(BtWlrf 
-ý+C ... (1.59) 
y`Jy 
The above value of z is substituted into Equation (1.58) to give: 
M= f(D-CY) 
2+ 
CZt w 
Y 
1 tw: 
Ztw 
P6 + 
Y 
(B 
- tW Itt -ý+ Cy 
+t f(B - 
tWl 
(Cy 
-r 
el ß ... 
(1.60) 
` JJ `ý 
JJ Y 
Substituting Equation (1.60) into (1.43) yields the P-S 
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relationship: 
2 
2t 
D+ Cy +tf 
(B 
- tW) 
(Cy 
- 
ýl 
... (1.61) 
(ii) Neutral axis lies in the flange 
From Figure (1.11b) the equilibrium equations are derived as: 
P= [(D - tf)tW + 
(2z 
-2C y+ 
tfJ 
JJ 
IB]a 
y ... 
(1.62) 
` 
and 
M= 
[(D 
- C)2 + 
lt l2 
Z2J 
ý-ý(y-t 
pl C2 
y ll 2 
- 
fZ2 
-ICr- tfJJ l 
-, r, 
6 
l J'ý r 
From Equation (1.62): 
... (1.63) 
.. (1.64) z= 22T 
f6- (D-t1)t+2BC. BtI] . LY 
The above value of z is substituted into Equation (1.63) to give: 
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M= (D-C) 
2t 
w+ CY 2B+I (C - tf) 
2(B 
rl 
w 
2 
- 
ý{ä 
-(D - to tW + 2B Cy +B tfý ßY ... 
(1.65) 
YlJJ 
Substituting Equation (1.65) into (1.43) yields the P-S 
relationship: 
P1 7E 2 ßY 2 tw B 
T1 
l2 (( 5=ýE+ý7P2 (D-CY) 2-+C2ý+2 
(Cy 
- tfl lB rl w 
z 
-n{P- 
(D 
-t f1 I tW + 
2B C+ B tf} ... (1.66) `'la YlJ 
Case (i) coincides with Case (ii) when the neutral axis just grazes 
the inner edge of the flange. The load P for the transition case is 
computed by equating Equations (1.59) and (1.64), giving: 
P f(D-tfltW - BtflßY ... (1.67) 
which is the difference between the yield loads of the web and the 
flange. Equation (1.67) implies if the area of the web is less 
than, or equal to, the area of the flange then the neutral axis of 
the tee-section at the column mid-height always lies in the flange 
during plastic buckling. 
1.6.3 An equivalent rectangle for a tee-section 
A rectangular section can be found which is equivalent to a 
tee-section, free from torsional or local buckling effects, by 
expressing the depth d in Equation (1.41) in terms of the core 
radius e. Appendix 1 explains the derivation of the core radii of 
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rectangular and tee-sections. For a rectangular section of width h 
and depth d the core radius parallel to the depth is er= d/6 
measured from the centroid; hence d= 6eß Equation (1.41) may thus 
be written in a general form as: 
PI n2 3ßyAP S- AE +'47Zer -F--ý 
Y 
For a tee-section column 
tip of the web, the core 
relationship is: 
... (1.68) 
buckling about the y-y axis towards the 
I 
radius is e=e=- and the P-S r ry. A-C 
Y 
2 
_P1 7C 
3 Ix 6r AP S-Aý+'472 ýC--P`-ýä ý 
rr 
... (1.69) 
Similarly for a tee-section column buckling about the x-x axis, the 
21 
core radius is e=e= giving: 
_Pl n241y 
{YYA 2 
S-A-E+473AB ý-ýä EC 
y 
1.6.4 The effect of torsion on the post-buckling relationships 
... (1.70) 
All the post-buckling relationships derived above do not take 
into account the torsion of the member. The analysis of a column 
experiencing torsional as well as flexural effects in the inelastic 
region is a complex problem that has been highlighted by Hariri 
(1967). At the stage where the elastic limit is surpassed and a 
linear relation between stress and strain no longer exists, the 
presence of a bending moment in the cross section will subject 
Y 
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different elements of the cross section to a varying strain, and 
therefore their inelastic properties (i. e. tangent modulus, shear 
modulus, Poisson's ratio) will vary from one point to another. At 
some stage of loading when strain regression is present, an abrupt 
change in the material properties of the neighbouring elements of 
the border line of the elastic (regression) and inelastic zones of 
the cross section exists. Evaluation of the torsional stiffness 
coefficient of a cross section under such conditions is very 
complex. Such a member can be treated as a composite member made of 
numerous elements with different elastic properties (Shaw 1953, 
Southwell 1946, Dobie 1952, Allen 1955). 
1.6.5 The post-buckling curves for a tee-section of given dimensions 
The P-5 relationships (1.50), (1.55), (1.61), (1.65), (1.69) and 
(1.70) can only be drawn in graphical form if the geometric 
dimensions of the tee-section are known. Consider a tee-section of 
the following dimensions: * 
B= 25.22 mm 
D= 24.70 mm 
tf = 3.49 mm 
t=3.40mm w 
The rest of the cross-section parameters are determined as 
explained in Appendix 3 as: 
A= 160.03 mm2 
C=7.31 mm r 
I= 8837.01 mm4 x 
I= 4733.67 mm4 
r 
r=7.43 mm x 
r=5.44mm 
y 
* 
These are the mean dimensions of the tee-section used in the experiments 
described in Chapter 3. 
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Since Ix is greater than Iy, for a centrally loaded column the 
tee-section described above will buckle about the y -y axis, that is 
the minor axis. Consequently Equations (1.50) and (1.55) apply and 
(11r) = (l/r). Considering steel with Young's modulus value E= 
207054 N/mm2 and yield stress c= 301 N/mm2, the critical or 
plastic slenderness ratio, (1/r) , is computed as: 
(1/r)cr = it E/ay = 82.40 
and therefore the critical length is: 
I= 82.40r = 448.26 mm cr y 
Figure (1.12) shows the post-buckling curves for the above 
tee-section drawn in dimensionless form for various column 
slenderness ratios using Equations (1.50) and (1.55). In Figure 
(1.13) Equation (1.68) is used to draw similar curves. Figure 
(1.14) compares, for two column lengths, the curves obtained by the 
two approaches. It is seen that the curves in Figure (1.12) 
have a kink at the transition point between the cases for which the 
neutral axis is in the web and outside it. The graphs also show 
that the equivalent rectangle method gives higher estimates of 
critical load for large deformations though there is good agreement 
between the two methods for small deflections. 
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Figure (1.12) Post-buckling curves for a tee-section column 
buckling about the Y -Y axis. The curves are plotted in 
dimensionless form as ratios of stress/yield stress versus 
strain/yield strain using the P-S relationships (1.50) and (1.55) 
for mild steel of Young's modulus E= 207054 N/mm2, yield stress a 
_r = 301 N/mm2 and yield strain cy=ßy /E = 1.454 x 10-3. 
Page 43 
DIMENSIONS OF THE TEE-SECTION (mm) 
25.22 
13.19 
ry = 5.44 mm 
6 rx = 
7.43 mm 
92 ae u. uu 
0246B 10 i2 14 16 1B 
Strain/yield strain 
20 
Figure (1.13) Post-buckling curves for a tee-section column 
buckling about the y-y axis, transformed into an equivalent 
rectangular section column. The curves are plotted in dimensionless 
form as ratios of stress/yield stress versus strain/yield strain 
using the relationship (1.66) for mild steel of Young's modulus E= 
207054 N/mm2, yield stress c r.. = 301 N/mm2 and yield strain c.. = 
6 /E = 1.454 x 10'3. 
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Figure (1.14) Comparison of the post-buckling curves for a 
tee-section column derived from Equations (1.50) and (1.55), which 
are based on the method of Paris (1954), with those derived from 
Equation (1.66), which is for an equivalent rectangular section. 
The curves are plotted in dimensionless form as ratios of 
stress/yield stress versus strain/yield strain for mild steel of 
Young's modulus E= 207054 N/mm2, yield stress a= 301 N/mm and 
3 yield strain cy=ßy /E = 1.454 x 10. 
When George H. Blagrove pointed out in 1926 that the stresses due 
to eccentric loading in joists used as stanchions were at right 
angles to each other and should not, as was the custom, be added 
algebraically but geometrically by the parallelogram law of 
vectors, the editor of The Structural Engineer replied: 
"A question on the very difficult subject of eccentric loading 
of columns is raised ... If we 
have a web and a flange load acting 
together there is no doubt that by adding together the two 
resulting bending stresses we obtain the correct stress in one 
corner of the section. If we find the resultant as suggested then 
we alter the neutral axis and have to worry about conjugate 
diameters of ellipses and other formidable gentlemen, . only to 
find 
that the final result is the same as that obtained by adding the 
stresses together. " - The Structural Engineer, Vol. 4, No. 9, 
September, 1926, p. 282. 
2 CHAPTER 
THE DUCKLING STRENGTH OF ECCENTRICALLY LOADED STRUTS 
2.1 Introduction 
If the line of action of the load applied on a column section 
coincides with the longitudinal axis of the column, the column is 
said to be concentrically or centrally loaded. If on the other hand 
the line of action of the load does not coincide with the 
longitudinal axis, the column is said to be eccentrically loaded in 
the plane that passes through the two lines. The eccentricity e is 
the perpendicular distance between the line of action of the load 
and the centroid of the cross-section of the member. The plane of 
eccentricity is also the plane in which the buckling of the column 
takes place. If this plane is not one of the principal axes the 
eccentricity is described as biaxial. Eccentric columns belong to a 
class of structural elements called "beam-columns", which are 
members subject simultaneously to axial force and bending moment. 
The bending moment may also result from transverse forces, giving a 
laterally loaded column, or may be induced by framing members, or 
from couples applied at any point on the member. As the bending 
moment approaches zero, the member tends to a centrally loaded 
column. As the axial force approaches zero, the behaviour of the 
member becomes similar to that of a beam. Thus, in effect, both 
columns and beams are special cases of the general classification 
of beam-columns. 
In practice it is difficult to achieve perfect concentricity in 
columns, so that a column loaded centrally will usually have some 
small "accidental" eccentricity of loading. The effect of such an 
eccentricity will be to reduce the buckling strength of the column. 
Centrally loaded columns and the common imperfections they are 
prone to were discussed in Chapter 1. There are cases when 
eccentricity of loading is introduced "intentionally" in the 
column. The current study seeks to investigate one beneficial 
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application of eccentric compression members in space trusses. The 
following paragraphs will examine the theories on the behaviour of 
columns subjected to eccentric loads. 
The methods for estimating the strength of beam-columns may be 
divided into three categories. The first is based upon the concept 
that the load which produces initiation of yielding in the fibres 
subjected to maximum stress provides a lower bound to the failure 
load. This is called the "stress" approach and the well-known 
secant formula belongs to this category. The second method treats 
column failure as a stability problem. The third is the widely used 
interaction formula approach. The stress and interaction formula 
approaches have no strong rational basis. 
2.2 Eccentric columns as a stress problem 
Ostenfeld (1898) made an attempt to derive design formulae for 
centrally and eccentrically loaded columns using a method based on 
the concept that the critical column load is defined as the loading 
which first produces external fibre stresses equal to the yield 
strength. Lee (1949) in his PhD Thesis* presented a simplified 
method for determining the load at which yielding of the outer 
fibre begins in eccentrically compressed, end-restrained columns of 
arbitrary cross section. The method may be summarised as follows: 
By means of the proper reduction factor il the effective length for 
eccentric 'buckling of the simply supported column is determined. 
The concentric buckling stress ßcq of this equivalent column is 
then determined from the Engesser-Shanley tangent modulus formula 
2E 
a =a =t 
ey ` (l/r)2 ... 
(2.1) 
Using 
. 
r), the effective eccentricity e.,, of the simple column is 
found which corresponds to the real eccentricity a of the 
restrained column. The eccentric buckling stress cr , which 
is less 
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than ß, is found for the equivalent simple column from: 
a Or 
a 
_ cq 
7 ... 
(2.2) 
where the "division factor for eccentricity" y (> 1) and the 
"reduction factor" 11 are determined by fitting Lee's 
semi-analytical expressions to results of exact determinations 
available, such as those in Chwalla (1937) for certain sections, 
and to test results carried out. In this simplified method, in 
which torsion is not considered, Bijlaard et al (1955) found that 
the ultimate buckling loads may be as much as 100% higher than 
those which cause yielding in the outer fibre, provided local 
failure by flange buckling does not occur. 
P -ý 
Figure (2.1) Eccentrically loaded column. 
The secant formula is probably the best known eccentric buckling 
formula which treats column failure as a stress rather than 
stability problem. To derive the secant formula consider Figure 
(2.1) which shows a pin-ended column loaded with an initial uniform 
eccentricity e of the load P. The transverse displacement of the 
column - centre line is y. The differential equation governing the 
flexure of the column is similar to Equation (1.1) for a centrally 
loaded column except that y is replaced by (y + e), that is: 
d2y 
- -P(y 
+ C) (2.3) 
... ý2 - --ý-7- 
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The general solution for Equation (2.3) is 
y=C1 sin 
(/i' 
xl +C2 cos 
(/? ' xl -e ... (2.4) 
The constants of integration CI and C2 are determined -by imposing 
the boundary conditions that y=0 at x=0 and 1. The condition y 
=0 at x=0 gives C2 = e. The condition y=0 at x=1 gives: 
0=CI sin 
(E 
I 1) +C2cos 
( 1l -e 
ý C1 =e 
cos 
sin 
(rT- 
(V E-1 
(VIIA- 
1-1 
1) 
Using the following trigonometrical relationships: 
cos 20 = cos2 0- sin2 0 
sin 20 = 2sin 0 cos 0 
cost 0+ sine 0=1 
simplifies Equation (2.5) to 
Cý =c tan 
( F7Tý 
v= 22 
Hence Equation (2.4) becomes: 
y=etan 
(/' 7I 
sin 
[/' 
G x) 
+ecos VE xl -e 
... (2.5) 
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or 
y=c 
r 
cos 
[ (7 /1-p- 
cos I 
The mid-height lateral deflection, 
1/2, that is: 
I 11 ym =C I 
cos 
{/c' l 
7J ,ý 
... (2.6) 
y, is the value of y when x= 
=c sec (/çç' :) ... 
(2.7) 
The maximum fibre stress 6 at the column mid-height is the sum max 
of the direct stress 6 and the bending stress ab which are given, 
respectively, by: 
as=ý 
and 
6b= 
where c is the distance of the extreme fibres on the concave side 
of the strut from the centroidal axis of the section, I is the 
moment of inertia of the column cross-section, and A is the 
cross-section area. Hence: 
(ym + e)c 
cos LET ý 
e au=as+ab=X + 
ym 
... (2.8) 
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Replacing I by Ai 2, Equation (2.8) becomes: 
aaz=p 1 +e2c sec T ý m ,, ... 
(2.9) 
where r is the radius of gyration of the section in the same 
direction as c. Equation (2.9) is the so-called secant formula. The 
dimensionless quantity ezc is referred to as the eccentricity 
r 
ratio. The critical load, of the column is the load that Cr 
produces the yield stress ßmaz =ay computed by Equation (2.9). The 
critical average stress in the column is 6cr = Pc/A, and is given 
implicitly by: 
G =6ýr 
h1+sec1T/Jj 
-ý Yr 
or, in terms of the Euler stress, ß, by: 
6 
6= 6o 
r+ 
e2c sec 
ý 
ac 
r 
yTe 
... (1.15) 
... (2.10) 
The critical value of average stress as given by the secant formula 
will vary widely from the real magnitude of the critical stress 
depending on the shape of the cross-section, the slenderness ratio 
(11r) and the eccentricity ratio ec/r . According to Bleich (1952), 
the difference is considerable when buckling takes place in such a 
manner that the narrow edges of outstanding flanges are subjected 
to maximum compressive stress. The secant solution is generally on 
the unsafe side for intermediate-length members and is too 
conservative for short members (Ketter et a1,1955). For small 
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values of e, the formula complies fairly well with experimental 
results provided that an "equivalent eccentricity" e in Equation 
(2.10) is suitably but arbitrarily selected to agree with these 
experiments (Bleich, 1952). 
2.3 Eccentric columns as a stability problem 
The discrepancy between the secant solution and the actual 
buckling load can be very wide. This is because column buckling is 
basically a stability problem. Von Kärmän (1908) was one of the 
first investigators to consider the determination of the buckling 
load of eccentrically loaded columns as a stability problem. The 
von Kärmän theory assumes an initially straight column of 
rectangular cross section of width b and depth h loaded by the 
compression load P acting on the lever arm e in the plane of the 
cross-sectional axis 1-1 (Figure (2.2a)). 
Since bending and direct stress occur simultaneously from the 
beginning and grow together with increasing load P, no strain 
reversal is presumed to occur on the convex side of the deflected 
column at the instant at which the critical load is reached. The 
distribution of stress in the inelastic range shown in Figure 
(2.2b), will follow the stress-strain diagram of the material, 
where al and a2 are the minimum and the maximum longitudinal 
stress, respectively, at the external fibres; ao is the average 
stress, and ab is the stress due to bending. In Figure (2.2c) e0 is 
the compressive strain corresponding to the average stress ao 
P/A); Et and e2 are the minimum and maximum compressive strains, 
respectively, corresponding to at and a2; The differential equation 
for flexure is of the form: 
d? Z = F(y) 
dx ... 
(2.11) 
where the function F(y) may be defined numerically or graphically; 
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2 
1--- _ý --- ------ -ý ---- 
14 
T 
b --- 1 
I- 
h 
(a) column 
2 
cross section 
ýi ý 6b 
ýI 
(Iý 
ýý6 
., 
ý 
,ý; 6ý 60-axis 
0 
h 
1- 
h2 
(b) stress distribution 
't en s'n: 
Eo-E 
1 r\ .0. 
E-Eo 
1-c0 
+ý ý ý comp'n ii 
Y 
h-- z-ý 
and elevation 
ý 
ý 
-*2 
-E0 
6 
(c) strain distribution 
T tension 
compression 
ao 
cr 
0 y m 
(d) average stress versus max. 
transverse deflection 
Figure (2.2) Stress and strain distributions across an 
eccentrically loaded column of rectangular cross section. (From 
Bleich, 1952). This scheme was first used by von Karman (1908). In 
the figure the following notation is used: b, h= dimensions of 
rectangular cross-section; e= eccentricity of the load P in the 
1-1 axis; x= distance along the longitudinal axis; y= transverse 
displacement in the 1-1 axis at x, ym maximum value of y; z= 
distance of a fibre from the ao-axis; ao = average stress (=P/A) 
where A is cross-section area; at, a2 = minimum and maximum 
stresses, respectively, at the extreme fibres; and Et, e2 = strains 
coressponding to the stresses at and a2, respectively. 
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y is the lateral deflection of the centre line for any value of 
average stress a0, eccentricity e, and length 1 of the column. It 
is possible to construct curves showing for given values of (1/r) 
and e the relationship between the average stress ao and the 
deflection ym at mid-height of the column. A typical o'0-ym curve is 
shown in Figure (2.2d). It is seen from this figure that for every 
load there are two possible configurations, that is, stable on the 
left, and unstable on the right, of the maximum stress a The 
critical value a therefore indicates the transition from stable 
to unstable equilibrium, and P 
Cr 
=A ac 
r 
is the failure load of the 
Cr 
eccentrically loaded column. It follows that failure of an 
eccentrically loaded column of structural metal is not a 
consequence of reaching a certain critical fibre stress but is due 
to the fact that, at a certain critical load, stable equilibrium is 
no longer possible between the internal and external bending 
moments, whether a lies below or above the proportional limit. 
The The column problem can therefore not be considered as a stress 
problem. Curves constructed by Bleich (1952) showed that the effect 
of an eccentricity was very considerable for short and 
medium-length columns but diminished in the region of elastic 
buckling with increasing (1/r). Extensive investigations carried 
out by Chwalla (1934a, 1934b, 1935) on the stability of 
eccentrically loaded columns of various cross-sections, slenderness 
ratios and eccentricities gave results in good agreement with von 
Kärmän's stability theory. Chwalla based all his calculations on 
one typical stress-strain relationship which he adopted for 
structural steel. Westergaard and Osgood (1928) undertook 
analytical studies calculating the behaviour of eccentrically 
loaded columns using the same equations as by von Kärman but with 
the deflected centre line assumed to be a half-cosine curve, hence 
simplifying the method. Clark (1953), in his studies on 
eccentrically loaded columns of aluminium alloy 6061-T6 rolled 
rectangular bars and drawn rectangular tubes, obtained improved 
results by assuming the shape of the deflection curve to be 
represented by a parabola and two terms of a sine. series. All 
specimens tested failed by yielding, resulting in an eventual 
"falling-off" of the load accompanied by rapidly increasing 
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deflections. There was wide disparity with the secant formula which 
assumes that failure occurs when the extreme fibre stress reaches 
the yield stress of the material. 
6 
cr 
cr 
0 
ideal steel 
Eu l er 
hyperbola 
structural 
steel 
(1/r) 
Figure (2.3) The relationship between critical stress (acr) and 
slenderness ratio (11r) for an ideal column. 
One of the most extensive studies on the strength of 
eccentrically loaded columns has been undertaken by Jezek (1937). 
The investigation was based upon the stress-strain diagram of an 
ideal, elastic-plastic material (Figure (1.3)). The column curve is 
built up from the Euler hyperbola and from a straight line at the 
distance aY from the (l/r)-axis as shown in Figure (2.3). With this 
idealisation he developed expressions for the strength of columns 
of various cross-section shapes. In the remainder of this section 
relationships are derived from first principles for determining the 
critical buckling stress of eccentrically loaded rectangular and 
tee-section columns with an assumed perfect elastic-plastic 
behaviour of the column material. The axis of the deflected column 
is assumed to be the half wave of a sine curve. 
Consider a pin-ended straight column of rectangular 
cross-section axially loaded by the force P at an eccentricity e 
(Figure (2.2a)). At a cross-section x the column is subjected to a 
total bending moment M given by: 
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M=P(y+e) =Py+P e ... (2.12) 
where Py is the moment due to the flexure of the column and Pc is 
the moment due to the applied eccentricity. If it is assumed that 
the axis of the deflected column is a half wave of a sine curve, 
then: 
y= ym sin (7rxl r ... (2.13) 
where ym is the amplitude at the column mid-height. Since curvature 
is defined as the reciprocal of the radius of curvature p, that is 
(Timoshenko and Gere, 1972): 
1 
P 11 
_d2y 
dx2 
1- 
(jyJ2]3fl 
2 
it follows that for small deflections 
lJ 
is very small compared 
with unity. Hence, the curvature 1/pm 
l 
atJ the column mid-height is 
given, approximately, by: 
i=d? y -n2y Pm dX2X=l/2- ý2 m ... (2.14) 
The expression for the curvature can also be derived from the 
distribution of stress at the column mid-height and by equating the 
expression so obtained and Equation (2.14) a relation between ym 
and ßo is obtained. However, the distribution of stress depends on 
the extent to which the column is deformed. Figure (2.4) shows the 
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(a) distribution 1 (b) distribution 2 
=6 
Y 
E 
Figure (2.5) Stress and strain distributions across an eccentrically 
loaded rectangular cross-section column. (From Bleich, 1952). In (a) 
the yield point is reached only on the concave side of the bent 
column, while in (b) the yield stress is reached at both sides. 
Compressive stresses and strains are negative. 
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stages through which the column passes as it is bent from the 
straight position in (a) until the cross-section at the column 
mid-height is fully plastic in (e). In general, therefore, at 
mid-section two different distributions of stress are possible, as 
illustrated in Figures (2.5a) and (2.5b). 
Stress distribution 1 (Figure (2.5a): In this case the yield 
point is reached on the concave side of the bent column, while the 
tensile stresses on the convex side still remain in the elastic 
range. The conditions of equilibrium between the internal and 
external forces at the cross-section at mid-height of the column 
are: 
h2 
P= ßdA=bßdz ... (2.15) 
JA 
G 
and 
A Jh1 
h_ 
M=Mm= 6ZdA=bß'zdz ... 
(2.16) 
A1. A Jhl 
where z is the fibre distance from the aö axis, a is the variable 
stress across the section and Mm is the total bending moment at the 
mid-height. From the stress distribution assumed in Figure (2.5a), 
Equation (2.15) is expanded to give: 
... (2.17) 
2 
By taking moments about the centroidal axis, Equation (2.16) 
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expands to: 
h2h 
M=bß eh 
el 
+Z- 
el7 - dl 
+ý-el 
my 1(ý C1 3C 1 
h3 
7. - dl 
cl 
dl 
+b d1 
(h2 
- 
ýIal 
... (2.18) 
By linear proportioning it is seen from the stress distribution in 
d 
Figure (2.5a) that 6, =c 16. Hence Equations (2.17) and (2.18) y 
become, respectively: 
2 
P=ba +Cdll (e1 72c I 
and 
bß 
M cl(h-cll + mlJ 
1 
)2 hea 5h d 
2e 
i 11 d3 
11 
cl c1 
+ 
2 (12 
dt l dl ý- 3- I 
C1 
J 
... (2.19) 
... (2.20) 
Noting that el + C1 + d1 = h, d1 may be eliminated from Equations 
(2.19) and (2.20) to give, respectively: 
bß el + 
cl (h - eý - c1)z P=ý-- 
c Yi ... (2.21) 
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and 
M= yeh - ell mlJ 
fh 12f h. ei ._1 
+ Cl 
fh 13 (. lZfh 
-. - 
1' 
1-2+el +cl 
ý I ý 
Introducing ßo = P/A = P/bh in Equation (2.21) gives: 
ao h 2e1 cl + ci - (h - el - cl 
ay cl 
Solving for el in the quadratic Equation (2.23) yields: 
el =h± 2h ci(1 6) `y 
... (2.22) 
... (2.23) 
... (2.24) 
Since el cannot be greater than h, the positive root of the 
solution is ignored. The value of e1 in the expression (2.24) is 
substituted into Equation (2.22) to derive an expression for M. 
involving ct, which, after involved algebraic manipulations, 
simplifies to: 
Mm=bh6Y 
'a0 
h- 3 2hcl(1-6Y°) 
` 
or 
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2M 2 
C1 
9 6Y- 6p- 
b 
h2 ßY 
F 
ýý- 
... (2.25) 
From the strain diagram in Figure (2.5a), linear proportioning 
gives 
(c2 
- Ell 
/h 
= c/ct. It can be shown (Bleich, 1952) that: 
e2 - el 
__ 
1 
T P... m 
Since the yield strain CY = aylE, therefore, 
1- 6y 
Pm C C1 
... (2.26) 
... (2.27) 
Substituting the value of cl from Equation (2.25) into (2.27) gives 
the expression for the curvature at the column mid-height as: 
1 
Pm 
63 
2ao6 Y- 1 !i 
0 
h 6r 
mm 
9E26o -1 -ý, - 
3 
$ 
«6y 
- 6oJ 
If M is 
m 
1 
Pm 
replaced by 
(Pe 
+ Py) , 
6 
Y 26o r-1 
0 
9Eý 
Q6''- 
1- ym e2 
0 
M2 
m 
... (2.28) 
the expression (2.28) becomes: 
... (2.29) 
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Equating Equations (2.14) and (2.29) produces the following 
relationship between the mid-column lateral deflection ym and the 
mean stress ao for various values of the eccentricity e: 
62632 
ym ý 
[(Yy 
9E h -1 -Yme -26 h Y1 
1=0 
... (2.30) 
0m 
0 
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The critical buckling stress a 2a 
is the value of ao at the apex of 
the ao ym curve defined by = 0. Differentiating the expression 
dß m 
(2.30), substituting =0 and solving for the critical value of 2-Y 
2m 
ym gives: 
1 Y ym-3[7h 6o_ 1- e 
Substituting y_ back into Equation (2.30), and 
G2 
m 
... (2.31) 
noting that r=_ 
2, the corresponding critical value of stress cso = air is derived 
implicitly in terms of the slenderness ratio (1/r) and the 
eccentricity e as: 
_ n2 
E 
= 0 
Cr (1Ir)2 
a 
Y 
6 
Cr 
1- gel 
a 
ar-1 k Cr ý 
... (2.32) 
If the height h is replaced by the core radius* er = h/6 for a 
See Appendix 1 for the definition of the core of a section, and for the 
determination of the core of rectangular and tee-sections. 
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rectangle, then Equation (2.32) may be applied to other sections by 
being rewritten as 
ß= n2 
E 
cr (1/r)2 
ý3 i i_ N I Il ac 
r- 
ß 
V .I 
cr 
fa 
3y 
a C cr 
ý1 ýI 
K 
... (2.33) 
and is valid for (1/r)2 - 
62 E x3K >0 
where the eccentricity ratio IC = C/C 
Stress distribution 2 (Figure (2.5b)): In the second case the 
yield strength is reached at both sides of the cross-section. The 
equilibrium equations at the column mid-height are derived from the 
stress distribution as: 
P=b (Ty 
(c2 
- d2) 
(l1 
M =66 
e21t-e2 
+ ý-e2 
c2-e2-ý 
my2 2c2 ý 
/2 3 
2- C2 
C2 
h 5c2 h Ic2+e2-+c2-3--e2-2 
+d2h-d2 6c 
... (2.34) 
... (2.35) 
Carrying out the same procedure as for the case for stress 
distribution 1 above yields the following relationship between y m 
and ßo: 
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ym 
h 
46 
ßýý 
1-6 
y 
_ ym 
t2ý a- 
e- `ý /^=0... (2.36) 
n`  3h E` ao 
I 
da 
The value of ym for which =0 is: 
M 
hay 62 0 2e ym = bß 1- 62 - 3- 
Y 
... (2.37) 
and the corresponding critical stress ßo = 6cr is found, in 
implicit terms, to be: 
a= Ic 
2E acr ay 
_ 
acr 
r (1/r)2 aY acr ar 
or, in general: 
3 
4e 
7F 
7L2 E 
acr aa 
y Cr 2 
a= (I /r, 2 ßy ac rr 
- 6y - ýx 
iK<0 and is. valid for (1/r)2 -ä2E3 
Y 
... (2.38) 
... (2.39) 
For large eccentricities xz3, stress distribution 2 applies 
and consequently Equations (2.38) and (2.39) are used to determine 
the critical values of stress. From the Equations (2.33) and (2.39) 
it is possible to determine and tabulate values of critical stress 
a 
lr 
as a function of eccentricity ratio x and slenderness ratio 
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(11r). Table 2.1 has been derived for structural steel of yield 
stress ßy = 301 N/mm2 and Young's modulus E= 207054 N/mm2. Figure 
(2.6) represents the relationships in graphical form for x=0.0, 
0.5,1.0,2.0,3.0,4.0,5.0, and 10.0, and (11r) values ranging 
from 0 to 200. The results show that eccentricity of loading 
considerably reduces the critical buckling strength for short and 
medium length columns but the effect diminishes with increasing 
slenderness ratio. The above values of yield stress and Young's 
modulus are the mean values that were obtained from the experiments 
described in Chapter 3. 
If Equations (2.30) and (2.36) relating ym to ä are rewritten, 
respectively, in the following manner: 
Ey 3e I 
ßY-1 
-y -e2-46(llr)2e 
Y-1 
s=0 
... (2.40) mr 60 m 0ý2 r 60 
and 
ym 
6 60 
Y Cr60 1 -Q2 - 
3 
ym-e-n2/E)z 
ßý=o 
... (2.41) 
then it is possible to draw ßö ym curves for any cross-section for: 
(i) various slenderness ratios and a given eccentricity; or 
(ii) various eccentricities and a given slenderness ratio. 
Equations (2.40) and (2.41) may also be written in terms of the 
axial deformation S instead of the central lateral deformation y m 
by using the relationship (1.38) on the assumption that the column 
has a sinusoidal shape throughout loading. Hence: 
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Table 2.1 Critical stress a 
Cr 
in N/mm2 as a function of eccentricity 
ratio ic and slenderness ratio (I/r) for eccentrically loaded columns 
of structural steel. (Based on Equations (2.33) and (2.39)). 
x 
(Ilr ý 
0.0 0.5 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10. 
0 301 258 226 181 125 100 83 71 62 55 49 44 
20 301 239 200 153 116 94 79 67 59 52 47 42 
30 301 229 189 143 110 90 75 65 57 50 45 41 
40 301 219 178 133 104 85 72 62 55 49 44 40 
50 301 207 166 124 98 81 68 59 52 47 42 36 
60 301 194 155 115 92 76 65 57 50 45 41 37 
70 301 179 143 107 86 72 61 54 48 43 39 36 
80 301 164 131 99 80 67 58 51 46 41 37 34 
90 252 148 120 91 75 63 55 48 43 39 36 33 
100 204 133 109 84 69 59 52 46 41 37 34 32 
110 169 119 99 77 64 55 49 43 39 36 33 30 
120 142 107 90 71 60 52 46 41 37 34 31 29 
130 121 95 81 65 56 49 43 39 35 32 30 28 
140 104 85 74 60 52 45 41 37 34 31 29 27 
150 91 76 67 56 48 43 38 35 32 29 27 26 
160 80 69 61 51 45 40 36 33 30 28 26 24 
170 71 62 56 47 42 37 34 31 29 27 25 23 
180 63 56 51 44 39 35 32 29 27 25 24 22 
190 57 51 47 41 36 33 30 28 26 24 23 21 
200 51 47 43 38 34 31 28 26 25 23 22 20 
In the computations it is assumed that the steel has yield stress 
a= 301 N/mm2 and Young's modulus E= 207054 N/mm2. The values of 
Young's modulus and yield stress are those which were obtained from 
the experiments described in Chapter 3. 
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Slenderness ratio 
Figure (2.6) Column critical stress versus slenderness ratio for 
various eccentricity ratios x for steel of Young's modulus E= 
207054 N/mm2 and yield stress a= 301 N/mm2. The curves are based 
on Equations (2.33) and (2.39) which assume a perfect 
y 
elasto-plastic stress-strain relationship for the material. 
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Figure (2.7) Load-axial deformation curves for a tee-section column 
(1 = 200 mm). The curves, which are based on Equations (2.40) to 
(2.42), have been plotted for steel of Young's modulus E= 207054 
N/mm2 and yield stress ß= 301 N/mm to show the effect of varying 
the eccentricity of loading. 
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Axial deFormation (mm) 
Figure (2.8) Load-axial deformation curves for a tee-section column 
(l = 400 mm). The curves, which are based on Equations (2.40) to 
(2.42), have been plotted for steel of Young's modulus E= 207054 
N/mm2 and yield stress ar= 301 N/mm2 to show the effect of varying 
the eccentricity of loading. 
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Figure (2.9) Load-axial deformation curves for a tee-section column 
(1 = 600 mm). The curves, which are based on Equations (2.40) to 
(2.42), have been plotted for steel of Young's modulus E= 207054 
N/mm2 and yield stress ß= 301 N/mm2 to show the effect of varying 
the eccentricity of loading. 
x_. ___IbI_. _.. x 
Page 72 
50 
40 
n 
r 
N 
30 
'-'-I T ýý_____ý 
DIMENSIONS OF THE TEE-SECTION (mm) 
25.22 
13.19 ý 
x.. -- t ----x 
0% z 
v 
cs ý 
.5 20 
i0 
Y 
i +e 
; 
hýl 
3.10 
y 
ry = 5.44 mm 
rx=7.43mm 
e0mm ýe 
=5 mm 7e 
= 10 mm ýe 
= 15mm le 
= 20 mm 
B 10 12 14 16 18 20 
Axial deFormation (mm) 
Figure (2.10) Load-axial deformation curves for a tee-section 
column (1 = 800 mm). The curves, which are based on - Equations 
(2.40) to (2.42), have been plotted for steel of Young's modulus E 
= 207054 N/mm2 and yield stress a= 301 N/mm to show the effect 
of varying the eccentricity of loading. 
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Axial deFormation (mm) 
Figure (2.11) Load-axial deformation curves for a tee-section 
column (l = 1000 mm). The curves, which are based on. Equations 
(2.40) to (2.42), have been plotted for steel of Young's modulus E 
= 207054 N/mm2 and yield stress ß= 301 N/mm2 to show the effect 
of varying the eccentricity of loading. 
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Figure (2.12) Load-axial deformation curves for a tee-section 
column (1 = 1200 mm). The curves, which are based on Equations 
(2.40) to (2.42), have been plotted for steel of Young's 'modulus E 
= 207054 N/mm2 and yield stress oy= 301 N/mm2 to "show the effect 
' 
of varying the eccentricity of loading. 
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Figure (2.13) Load-axial deformation curves for an eccentrically 
loaded (e =0 mm) tee-section column. The eccentricity is measured 
from the centroid towards the tip of the web in the plane of 
symmetry (y-y axis). The curves, which are based on Equations 
(2.40) to (2.42), have been plotted for steel of Young's modulus E 
= 207054 N/mm2 and yield stress a= 301 N/mm2 to show the effect 
of varying the length of the column. 
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Figure (2.14) Load-axial deformation curves for an eccentrically 
loaded (e =5 mm) tee-section column. The eccentricity is measured 
from the centroid towards the tip of the web in the plane of 
symmetry (y -y axis). The curves, which are based on Equations 
(2.40) to (2.42), have been plotted for steel of Young's- modulus E 
= 207054 N/mm2 and yield stress a= 301 N/mm2 to show the effect 
of varying the length of the column. 
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Figure (2.15) Load-axial deformation curves for an eccentrically 
loaded (e = 10 mm) tee-section column. The eccentricity is measured 
from the centroid towards the tip of the web in the plane , 
of 
symmetry (y-y axis). The curves, which are based on Equations 
(2.40) to (2.42), have been plotted for steel of Young's modulus E 
= 207054 N/mm2 and yield stress ß= 301 N/mm2 to show the effect 
of varying the length of the column. 
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Axial' deFormation (mm) 
Figure (2.16) Load-axial deformation curves for an eccentrically 
loaded' (c = 15 mm) tee-section column. The eccentricity is measured 
from the centroid towards the tip of the web in the plane of 
symmetry (y-y axis). The curves, which are based on Equations 
(2.40) t (2.4 ), hav been plotted for steel of Young's modulus E 
= 207054 N/mm2 and yield stress a= 301 N/mm2 to show the effect 
of varying the length of the column. 
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Figure (2.17) Load-axial deformation curves for an eccentrically 
loaded (e = 20 mm) tee-section column. The eccentricity is measured 
from the centroid towards the tip of the web in the plane of 
symmetry (y-y axis). The curves, which are based on Equations 
(2.40) to (2.42), have been plotted for steel of Young's modulus E 
= 20705 N/mm2 and yield stress ar= 301 N/mm2 to show the effect 
of varying the length of the column. 
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Figures (2.7) to (2.17) are P-S curves for a mild steel tee-section 
column of given dimensions. Young's modulus E= 207054 N/mm2 and 
yield stress a= 301 N/mm2. 
y 
2.4 Interaction formulae 
Most design formulae use an "interaction" formula for predicting 
the strength of members subjected to combined bending and axial 
loading. Such a formula expresses a relationship between (a) the 
ratio of axial load on the column to the load that would cause 
failure under axial' compression alone and (b) the ratio of bending 
moment on the member to the moment that would cause failure under 
bending alone. Equation (2.43) below is the basic interaction 
formula for beam-column design. 
PM 
P`-`+ý =1 
00 
where: " 
P= failure load; 
Cr 
Po = ultimate concentric load when no moment is present; 
... (2.43) 
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Mo = failure moment when no axial load is present; and 
M =. Pe cr cr 
As a basis for the design of eccentrically loaded columns that 
fail by plastic buckling in the plane of the applied bending moment 
the following interaction formula has been recommended (Clark, 
1953): 
P 
cr 
p0 
1 
M % 
ct 
Mo l-ý 
ý 
=1 ... (2.44) 
where: 
modifying factor which depends on type of loading 
=1 for members with equal end moment producing single curvature; 
and 
P= Euler critical load. 
The determination of P0 and Mo 
where M0 may be either positive 
Equation (2.44) gives the failure 
the mode of failure. 
is described in Section 2.5 below 
(M0+) or negative (M0). Although 
load it provides no indication of 
After testing 92 rolled I-sections of mild steel, Massonnet 
(1959) came to the conclusion that the interaction Equation (2.44) 
may be used for every circumstance, namely for short members as 
well as for members buckling elastically. The short members 
referred to are those which fail by instability after inelastic 
action has commenced, while elastic buckling indicates a 
lateral-torsional buckling mode of failure. Sherman and Lukas 
(1970) on the basis of tests on rectangular tubular A36 steel 
columns came to the same conclusion. They also found out that the 
inelastic action caused by bending about the strong axis reduces 
the resistance to buckling about the weak axis and may result in 
failures at lower loads than would be predicted by theories on 
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either elastic buckling or inelastic instability about the strong 
axis. The amount of load reduction increased for smaller values of 
weak axis radius of gyration and for increasing values of load 
eccentricity. They emphasized the need to use the proper pure load 
and pure bending moments limits in the Equation (2.44). If, for 
example, the column is restrained from buckling or deflecting 
laterally, Po = load which causes buckling about the strong axis, 
and Mo = fully developed plastic moment; if lateral and torsional 
displacement are permitted, Po = weak axis buckling load and Mo = 
the smaller of either the full plastic moment or the critical 
moment for lateral-torsional buckling of a beam. In either case, Po 
cannot exceed the yield load. Sherman and Lukas finally observed 
that the failure of an unbraced column with bending about the 
strong axis will occur by lateral buckling except, possibly, in the 
case of very short members. Johnson (1941) obtained interaction 
curves for I-columns with equal end moments. In a very elaborate 
analytical study Salvadori (1955) derived interaction expressions 
for the lateral stability of I-section beam-columns under different 
end-support conditions and subjected to combinations of equal, 
unequal, and zero end moments and thrusts. The analyses were based 
on the assumptions that the shape of the interaction curves depends 
on: 
(1) the value of the parameter 12/a2, where I= column length; a2 = 
2 
;h= column depth; D= flexural rigidity of one flange in 
its own plane; and C= torsional rigidity of column without 
thrust. 
(2) the ratio of the end moments, or eccentricities. 
(3) the end-restraints. 
Sharma and Gaylord (1969) developed interaction curves for steel 
column I cross-sections under biaxially eccentric load using a 
simplified approximate solution to the equations of equilibrium. 
The solution was simplified by establishing equilibrium only at 
mid-length and by assuming the deflected shape to be sinusoidal. 
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Predicted loads were in excellent agreement with results of 78 
tests which covered a wide range of slenderness ratio and 
eccentricity ratio, and which included steels whose yield stress 
ranged from 30 to 62 ksi. The solution was based on eccentricities 
which were the same at both ends, but a procedure suggested for 
using the curves for the column with different eccentricities at 
the ends was shown to be in very good agreement with the results of 
at least four tests. The interaction curves gave far better 
agreement with tests than did the American Institute of Steel 
Construction (1969) interaction formula. Vinnakota and Aoshima 
(1974), using a numerical procedure, determined the 
load-deformation response of rotationally restrained beam-column 
under biaxial bending. The effect of residual strains that result 
from the twisting of the cross-section were taken into account. 
Several other investigators have attempted to derive interaction 
curves for structural sections loaded under various end conditions 
(DiMaggio 1952, Johnson 1941). 
Although the interaction formulae (2.43) and (2.44) are among 
the most used design expressions for predicting the failure load of 
members subjected to combined axial force and bending moment, they 
are not analytically derived. The expressions in fact involve the 
addition of two numbers, namely, the ratio of applied axial load to 
the load that would cause failure under axial compression alone, 
and the ratio of applied bending moment to the moment that would 
cause failure under bending alone. The justification for the use of 
such a rather simplistic approach to what is obviously a very 
complex problem can be explained on the grounds that experience 
shows that the expressions give results in good agreement with 
experimental values. Hence the interaction formulae are rightly 
referred to as - having no strong rational basis (Hill et al, 1953). 
This interesting phenomenon was most vividly illustrated in a 
letter which Blagrove (1926) wrote to the editor of The Structural 
Engineer. In the letter Blagrove argued that the axial and bending 
stresses in a beam-column acted at right angles to each other and 
the resultant should therefore be obtained by combining the two 
stresses by the parallelogram law of vector addition rather than 
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algebraic addition. The editor in a reply wrote: 
"A question on the very difficult subject of eccentric loading 
of columns is raised in this letter. While we are of the opinion 
that the calculations on this subject, when made at all, tend to 
unduly heavy construction in many cases in practice, we do not 
think that our correspondent has found the real culprit. If we have 
a web and a flange load acting together there is no doubt that by 
adding together the two resulting bending stresses we obtain the 
correct stress in one corner of the section. If we find the 
resultant as suggested then we alter the neutral axis and have to 
worry about conjugate diameters of ellipses and other formidable 
gentlemen, only to find that the final result is the same as that 
obtained by adding the stresses together. " - The Structural 
Engineer, Vol. 4, No. 9, September, 1926, p. 282. 
2.5 Flexural-torsional buckling 
As discussed in Chapter 1, in thin-walled cold-formed open 
sections flexural-torsional buckling can be a critical mode of 
failure. If a section when concentrically loaded can fail in 
flexural-torsional buckling, then flexural-torsional buckling is 
also a possible mode of failure for some range of eccentricities. 
According to Pekoz and Winter (1969) this range of eccentricities 
lies somewhere between the centroid and shear centre. Although 
theories on flexural-torsional behaviour of sections under 
concentric loading both in the elastic and inelastic regions are 
well developed (Hill and Clark 1951, Bleich 1952, Timoshenko and 
Gere 1961, Chajes and Winter 1965), the behaviour under eccentric 
loading has not received adequate study. In one of the most 
detailed. studies Pekoz and Winter (1969) have proposed simplified 
expressions for the behaviour of thin-walled singly symmetric open 
sections under eccentric axial loading in the plane of symmetry. 
The analysis is based on the basic small-displacement theories on 
combined bending and torsion of columns (Timoshenko and Gere, 
1961). Consider Figure (2.18) showing a column loaded by a 
longitudinal load P with biaxial eccentricities e in the x-x axis 
x 
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Figure (2.18) Translational and rotational deflection components of 
a torsionally weak mono-symmetric section loaded with biaxial 
eccentricities. 
and ey in the y-y axis, which are constant along the length of the 
member. The differential equations of equilibrium of the column 
are: 
2 
EI 
L 
+Pdu+P(x -e12 
dý=0 
11 dz4 dz2 ý0 x)dZ2 
EI d4v +Pdav Pc 
ý 
=0 
(yo 
YýCit2 Y Ctt4 CiZ2 
... (2.45) 
... (2.46) 
Page 86 
2 
EC (GJ-Pe P -Pe P Pr2l+P(x -eld2u w dz4 x1y2o JCiZ2 3 zJl, 
ýl2 
-P 
(y 
-e 
d2v 
= 
l° Y) dz2 
where: 
u, v= deflection components of the shear centre in the x and y 
directions, respectively; 
Z= distance along the longitudinal axis of the member; 
= angle of rotation of the cross-section; 
E1, EI= principal flexural rigidities in the x-x and y-y axes, 
respectively; 
GJ= St. Venant torsional rigidity; 
E CW = warping rigidity; 
x0, yo = x, y coordinates of the shear centre; 
ro = polar radius of gyration of the section about the shear centre; and 
ro= ßl eX+ß2eY+rö. 
The coefficients ß, and ß2 are given by: 
ßl=ý x3dA+ dA -Y 
A 
JA 
ß2=71- 
" 
JAi 
aA + 
Jx2 
y dA - 2yo 
A 
where A is the area of the cross section. 
... (2.48) 
... (2.49) 
Equations (2.45), (2.46) and (2.47) can be solved by the Galerkin 
(1915) method to give, in matrix form: 
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Px -p 0 -P 
(xo 
- ex 
) k1 
s 
0 Py -p P(yo - ey)k32 
-P 
(xo 
- ex) ks1 P(yo - ey) k2s 12(Pe- P) 
p2 
e 77- 
u0 
vo 
ýo 
r 
kl l 
y 
P2 
_ P- 
ex k2 
... (2.50) y 
-P2 
f ey ex -xo- ex ey yo ks 
L zy 
where: 
P= purely flexural concentric buckling load about the y-y axis 
Y2 
=k22E yI 12 
P_ = purely flexural concentric buckling load about the x-x axis A 
2 
= k11 E1ýx 12 
Pý = purely torsional concentric buckling load if the displacements 
u and v are prevented 
2 
=r12(k3ECW 
12+GJJI; and 3ol 
k 
j, kip, kl = coefficients reflecting boundary conditions at the 
column ends, as summarised in Table (2.2). 
The coefficients u0, vo and $o are amplitudes of the functions X, Y 
and Z, respectively, that are chosen to satisfy the geometric 
boundary conditions of the deflection components u, v and 4, 
respectively. For the functions X, Y and Z, Pekoz and Winter (1969) 
used first harmonics of the vibration eigenfunctions of a solid rod 
with the necessary boundary conditions. 
If the section is singly symmetric about the x-x axis and the 
load acts in the plane of symmetry, then ex = x0 = 0. Hence 
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Equations (2.50) give: 
P-P0 
x 
0P-P 
y 
0 P(yo - ey, ký 
0 
P (yo - cY) k3z 
roe rP Pl 
lý1 
u0 
v0 
0o 
er kl 
0 
0 
0 
0 
... (2.51) 
Let Equations (2.51) be separated into the following two 
expressions: 
(Pz 
- Pl uo = -ý e kl ... 
(2.52) 
t 1l zY 
PY -P P(yo - cY)ksz 
P(yo - ey)ký - Pl roe 
h 
vo 
=0 (2.53) 
Equation (2.52) gives uo for a beam-column deforming by pure 
flexure, with ua becoming infinite when P=P Equations (2.53) 
show that there exist a value of P=P for which the determinant cr 
vanishes and vo and ýo are indefinite. This means that for 
eccentric loading if Px S PC,, then the member behaves as a purely 
flexural beam-column with deflections increasing gradually until P 
= Px when there is sudden flexural buckling about the x-x axis. For 
concentric loading, if P 
Y, 
SPC, , the member will undergo flexural 
buckling about the x-x axis. If, however, Px > PCB then at P= PC,, 
the member buckles in combined flexure and torsion. For the entire 
range of possible eccentricities the behaviour of the column is 
schematically presented in Table (2.3). 
The flexural-torsional buckling load P 
cr 
is the value of P in 
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the Equation (2.45) which makes the determinant equal to zero. 
Hence: 
(PY 
- P«) ro2 Pe - Pýýl - P« 
(yo 
- eY) % Pcr 
(yo 
- eY) ksz =0 
... (2.54) 
Let: 
ß2 A 
a=1+ 10 
x Ao (yo lx 4_+i Y-_ýx3? -YJ +eY 
ßx 
... (2.55) 
... (2.56) 
k23 
23 32 "'(2'57) V/ 
JF' T 
where ö is the polar moment of inertia about the shear centre, 
then Equation (2.54) can be rewritten as: 
Pýr y- P« a(PY + Pý) +aP,, Pý =0... (2.58) 
Equation (2.58) yields two values of P, that is: 
aPý+PY t/ý a2Pý+PY 4aýyP P 
cr = 74 Y cr 
if 'y : PL- 0 ... (2.59) 
and 
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Pýý 
ýPhý 
if 'y =0 
y- Y 
... (2.60) 
To interpret Equation (2.59), a parameter called the stability 
core is introduced. This is defined as the range of eccentricities 
bounded by the two values ec and ec+ for which y=0 in Equation 
(2.56). These work out as: 
Cc+' eý= yo + 
ß2 
- 
12 2+ 4yo ß2 k23 + 4ro k23 2k23 2k23 ... (2.61) 
where r =/`o is the polar radius of gyration about the shear V 
Ä 
centre. The significance of the stability core arises from the fact 
that if the load is applied within this range, then Equation (2.59) 
gives one positive and one negative value of P (Pekoz and Winter, 
1969). The negative root corresponds to buckling under a tensile 
force. 
To solve Equations (2.54) and (2.58)-(2.60), the coefficients ßt 
and ß2 and the boundary conditions have first to be determined. The 
evaluation of ßl and R2 is not straightforward, thereby making 
flexural-torsional analysis difficult. However, Kitipornchai and 
Trahair (1980) have shown that a simpler and sufficiently accurate 
form of Equation (2.48) for monosymmetric I-beams may be given by: 
12 ý= 
0.9(2p- 1) 1-T 
x 
in which: 
h= distance between the centroids of the bottom and top flanges 
= 
(D 
-I for a tee section; and 
... (2.62) 
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p= degree of section monosymmetry. 
For I beams the parameter p is defined as: 
I 
r` 
, OSpS1.0 
r7t 
+b ... 
(2.63) 
in which I 
yt 
and I 
yb 
are the minor axis moments of inertia of the 
top and bottom flanges, respectively. To apply Equation (2.63) to 
an eccentrically loaded monosymmetric tee-section column, it is 
necessary to determine which is the "top" and which is the "bottom" 
of the section. If the eccentricity is applied in the plane of 
symmetry towards the tip of the web, column bending takes place in 
such a way that the member may be regarded as an inverted tee 
beam-column, in which case Iy, =0 and p=0. If the eccentricity 
is applied towards the flange, I 
yb =0 
and p=1.0. It is the first 
case (p = 0) that has been considered in the current studies. 
Therefore the expression (2.62) becomes: 
R2 
ý" f, 
D 
or 
ýf 
T 
= -u. y II- 
Y 
r z il 
2 
ß2- -0.9(D-ýl 1- T ` JJ x 
... (2.64) 
For a monosymmetric section loaded in the plane of symmetry ßl = 0. 
If the member is pin-ended with the ends free to translate in the 
x -x and y -y directions, and free to warp then the boundary 
conditions at z=0 and I are u" = v" 0 and the coefficients 
from Table 2.2 are: 
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Table 2.2 Coefficients k for various boundary conditions. of a torsionally 
weak column. (From Pekoz and Winter, 1969). 
Boundary 
di i 
Coefficients 
con t ons 
at Z=0 and I k11 k22 k33 k1 k2 k3 k13 k31 k23 k ;2 k13 k23 
U" = V" =0 1.00 1.00 1.00 1.27 1.27 1.27 1.00 1.00 1.00 1.00 1.00 1.00 
U" = V' =0 1.00 4.12 1.00 1.27 - 1.27 1.00 1.00 0.55 1.42 1.00 0.88 
U'= V' =0 4.12 4.12 1.00 - - 1.27 0.55 1.42 0.55 1.42 0.88 0.88 
U"= V' =0 1.00 4.12 4.12 1.27 - 0.66 1.42 0.55 1.00 1.00 0.88 1.00 
U'= V' =0 4.12 4.12 4.12 - - 0.66 1.00 1.00 1.00 1.00 1.00 1.00 
IU" = V. = (ý' =0 1.00 1.00 4.12 1.27 1.27 0.66 1.42 0.55 1.42 0.55 0.88 0.88 
In the table the boundary conditions at the column ends are defined as: 
u' = 0: translation in x-direction restrained; 
v' = 0: translation in y-direction restrained 
0' = 0: warping restrained; 
U" = 0: translation in x-direction unrestrained; 
v" = 0: translation in y-direction unrestrained; and 
0" = 0: warping permitted, 
where u and v are displacements in the x and y directions, 
respectively, 0 is the rotation of the section, and the 
differentials with respect to distance z along the longitudinal 
axis are denoted as follows: 
u 
du v, = 
dv dý u = 
2u 
v = 
d2v ý __ 
d2$ 
ý =, ý' - ý' dz2' dz2' dz 2. 
The coefficients k were determined by the Galerkin method using 
eigenfunctions. The exact solution from Timoshenko and Gere (1961) 
for the boundary conditions u' = 0' =0 at both ends gives k22 = 
k33 = 4.00, which compares well with the value 4.12 in the above 
table. 
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Table 2.3 Modes of behaviour for an eccentrically loaded 
monosymmetric section column of indefinitely elastic material. 
(From Pekoz and Winter, 1969). 
e <Obut 
Condi t ions y C =0 >0 C e = yo 
0 y e y y y 
flexural- 
P<P - torsional - - cr z buckling 
flexural flexural flexural 
>P P beam-column buckling beam-column - x Cr behaviour about x-x behaviour 
flexural 
P<0 or 
- - - 
buckling 
<P P about y-y 
x y at P=P y 
P> Py or flexural 
P>P - - - beam- column 
yx behaviour 
P>0 and 
torsional 
- - - buckling 
P<Pz at P=P 
P<P and 
flexural 
y - - - beam-column 
P>P 
x 
behaviour 
In the table the eccentric load is applied only in the axis of 
symmetry, i. e. y-y axis; hence ex = xo = 0. The symbols are defined 
as: PCr = flexural-torsional buckling load; Px = purely flexural 
concentric buckling load about the x-x axis; PY = purely flexural 
concentric buckling load about the y -y axis; Pý = purely torsional 
buckling load if displacement of the column ends is not permitted 
either in the x or y direction; ez = eccentricity in the x-x axis; 
eY = eccentricity in the y-y axis; x0 =x coordinate of the shear 
centre; and yo =y coordinate of the shear centre. 
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Table 2.4 Comparison of the critical loads in kN obtained by 
different methods for the eccentrically loaded tee-section column 
of dimensions given in Appendix 3. 
(kN) Critical load P 
th L E cr eng cc. raction t exura -tors1ona I e Secant Eq. (2.10) 
eze s 
Eqs. (2.33) 
n e 
Eq. (2.44) Eqs. (2.59) and 
(mm) (mm) and (2.39) (2.60) 
0 48.2 48.2(48.2) 44.3 48.2 
5 28.1 34.8 27.6 48 .2 
200 10 20.1 27.8 19.9 48 .2 
15 15.7 23.4 15.6 48 .2 
20 12.9 20.3 12.8 48 .2 
0 48.2 48.2(48.2) 33.3 48 .2 
5 25.3 29.8 23.6 48 .2 
400 10 18.2 23.2 17.4 48 .2 
15 14.4 19.3 13.9 48 .2 
20 11.9 16.7 11.6 48 .2 
0 48.2 26.9(48.2) 20.4 26.4 
5 21.2 24.0 18.4 26.9 
600 10 1 5.7 1 8.7 1 4.1 26 .6 
15 12.6 15.7 11.6 25.8 
20 10.6 13.7 9.9 24.6 
0 48.2 17.3(32.2) 14.2 17 .1 
5 17.9 19.6 14.7 17 .2 
749 10 13.6 15.7 11.6 1 7.1 
15 11.2 13.4 9.8 16.8 
20 9.6 11.8 8.5 16 .2 
0 48.2 15.1 (28.2) 12.7 15 .0 
5 16.7 18.3 13.6 15.1 
800 10 12.9 14.7 10.9 1 5.0 
15 10.7 12.6 9.2 14 .7 
20 9.2 1 1.2 8.1 14 .3 
0 48.2 9.7(18.1) 8.5 9.6 
5 12.9 13.7 10.1 9 .7 
1000 10 10.5 11.5 8.4 9.6 
15 8.9 10.1 7.3 9 .5 
20 7.8 9.1 6.5 9 .3 
0 48.2 6.7 (12.5) 6.0 6 .7 
5 9.9 10.4 7.7 6.7 
1200 10 8.4 9.1 6.6 6.7 
15 7.4 8.1 5.9 6.6 
20 6.6 7.4 5.3 6 .5 
The eccentricity a is measured from the centroid towards the tip of 
the web in the plane of symmetry. Young's modulus E= 207054 N/mm2 
and yield stress ay = 301 N/mm2. The loads in parentheses are the 
critical values if the concentrically loaded members buckled in the 
plane of symmetry. 
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kll = 1.00 
k22 = 1.00 
k33 = 1.00 
k1 = 1.27 
k2 = 1.27 
k3 = 1.00 
k13 = 1.00 
k31 = 1.00 
k23 = 1.00 
k32 = 1.00 
k13 = 1.00 
k23 = 1.00 
For the tee section of cross-section dimensions given in Appendix 
3, the equations given above yield: 
ß2 = -14.74 mm 
e= -11.18 mm C- 
e= -7.58 mm C+ 
Pekoz and Winter (1969) observed that the basic theory of 
flexural-torsional buckling described above was very tedious for 
routine use. They therefore devised procedures to simplify the 
calculations, but deduced that for design purposes no single 
simplified expression could be expected to hold for the entire 
range of possible eccentricities. If it is assumed that the 
orientation of the symmetry axis (y-y axis) is such that the shear 
centre has a negative coordinate yo as shown in Figure (2.18), 
then: 
For positive eccentricities, where the point of application of the 
axial load is on the same side of the centroid opposite from that 
of the shear centre, 
e 1r--1... 
(2.65) P-+1Gi'P 
0 0+ « 
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where: 
PCr = flexural-torsional buckling load for an eccentricity eY, 
M0+ = positive critical moment when . there 
is no axial load, 
regardless of whether or not it governs; and 
Po = flexural-torsional buckling load for concentric load, 
regardless of whether or not it is the governing mode, and is 
given by 
Po - 
+P Tr- 
y 
2 
Z yo 
A 
21-k2s -Z 
For negative eccentricities, 
Py+-Tcr 
and 
1- 
if0ze ze 
Y ý- 
1+ ey - yo 1 
ýý o= 
-ý if leYI > Iyol 
.. (2.66) 
... (2.67) 
... (2.68) 
where: 
Mo = negative critical moment when there is no axial load, 
regardless of whether or not it is the governing mode. 
To determine M» and Mo_ let M0 be defined as the critical moment 
when there is no axial load, regardless of whether or not it 
governs the failure of the column. This moment can be found from 
Equation (2.58) by letting Mo = Pct c as P« approaches zero. The 
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resulting quadratic in Mo may be solved to give: 
M= 
Py021t 
+41° 
k23 aPý 
0 2k23 A ß2 Py 
... (2.69) 
Equation (2.69) yields one positive (Mo+) and one negative (M0 
value of Mo- 
Table (2.5) compares the critical values of load obtained by 
four different methods for various tee-section column lengths and 
eccentricities of loading. Steel with Young's modulus E= 207054 
N/mm2 and yield stress ar= 301 N/mm2 is assumed. 
A torsionally weak beam-column is apt to twist as well bend 
during buckling failure. An exception is the case wherein the 
eccentricity in the loading causing the bending moment is 
introduced only in the weaker principal plane of the section 
(Johnston, 1976). Hence for the tee-section column of geometry 
given in Appendix 3, pure bending would take place in the x-x axis 
without twisting if the eccentricity were applied in this plane. If 
on the other hand the applied load is eccentric in the strong y-y 
axis, there occurs torsion as well as bending during the buckling 
process. As explained in Chapter 1, the analysis of a column 
experiencing torsion in the inelastic region is complicated by the 
fact that the bending moment in the cross-section will subject 
different elements of the cross-section to a varying strain, and 
therefore material properties such as tangent modulus, secant shear 
modulus and Poisson's ratio will vary from one point to another. In 
addition when strain regression is present, an abrupt change in the 
material properties of the neighbouring elements of the border line 
of the elastic and inelastic zones of the cross section exists. 
Evaluation of the torsional stiffness coefficients of a cross 
section under such conditions is very complex. The behaviour of 
such a member can, however, be treated as that of a composite 
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member made of numerous elements with different elastic properties. 
Numerical computation by relaxation techniques has been used by 
various investigators to solve the torsion problem for different 
cross-sectional shapes (Shaw 1953, Southwell 1946, Dobie 1952, 
Allen 1955, Hariri 1967). 
The finite element method is now a well-established technique 
for the linear and non-linear analysis of complex structures. Its 
scope has been extended to cover buckling problems. The accuracy of 
the method in dealing with problems of the buckling of columns and 
beams has been demonstrated by Nethercot and Rockey (1971). 
Basically the method requires that the conventional linear 
stiffness matrix K be supplemented by a geometric matrix Kg which 
takes into account the effect of the in-plane forces and 
out-of-plane displacements. The governing equation therefore takes 
the standard eigenvalue form: 
K+FK =0 8 ... 
(2.70) 
where F is the intensity factor. The versatility of the finite 
element approach enables the analysis of non-uniform cross-section 
columns with intermediate unequally spaced supports of dissimilar 
stiffness. 
2.6 Discussion 
The analysis of an eccentrically loaded column begins with the 
realisation that the member is actually a beam-column, that is it 
is subjected simultaneously to an axial load and a bending moment. 
The concepts proposed by Jezek (1937) on eccentrically loaded 
columns of various structural sections have been used in this 
chapter to predict the behaviour of an eccentrically loaded 
rectangular-section column. The problem has been treated as a 
stability problem in which failure of the column is presumed to 
occur when stable equilibrium between internal and external moments 
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is no longer possible. Relationships have been developed between 
average stress, slenderness ratio and eccentricity. The critical 
conditions have been derived by differential calculus. Because an 
exact solution would be too complex for practical applications, the 
relationships obtained are only approximate, being based on an 
idealised stress-strain relationship of mild steel. Like in most 
previous investigations this relationship has been assumed to be 
perfect elasto-plastic. By using the concept of core radius of a 
section it has been possible to transform a tee-section into an 
equivalent rectangular section. Hence the relationships derived for 
the rectangular section have been extended to the tee-section. 
Particular computations have been undertaken for a tee-section of 
dimensions given in Appendix 3. The definition and derivation of 
the core radius of rectangular and tee-sections are given in 
Appendix 1. 
In contrast to the stability approach, the secant solution 
assumes that column failure occurs when the outer fibres of the 
section in the plane of bending begin to yield. A somewhat 
irrational but commonly used approach for predicting the maximum 
load carried by a beam-column is the interaction formula approach. 
Such a formula expresses a relationship between the ratio of axial 
load on the column to the load that would cause failure under axial 
compression alone and the ratio of bending moment on the member to 
the moment that would cause failure under bending alone. The 
condition is then imposed that the sum of the two ratios does not 
exceed unity. 
The complexity of solving the problem of eccentrically loaded 
columns is increased if torsional effects are considered. 
Expressions suggested by Pekoz and Winter (1969) have been adapted 
to predict the flexural-torsional critical loads and failure modes 
of the tee-section column. The latter aspect of the 
flexural-torsional theory, that is the possibility of predicting 
the failure mode, is important in that it complements the other 
methods discussed above which give only the critical load. 
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The graphical representations (Figures (2.6) to (2.17)) of the 
behaviour of the tee-section column have all been derived using the 
relationships based on Jezek's concepts. From these graphs and 
Table 2.4 the following observations may be made: 
1) The maximum load supported by a column decreased with increasing 
eccentricity. 
2) For a given eccentricity, the maximum load decreased with 
increasing length. 
3) The non-linearity of the load-axial deformation curve near the 
maximum load increased with increasing eccentricity for a given 
length; it also increased with increasing length for a given 
eccentricity. 
4) The secant solution produced maximum loads which were only 
slightly less conservative than those obtained from the Jezek 
procedure for the eccentrically loaded columns. For 
concentrically loaded columns the secant solution gives maximum 
loads equal to the yield load regardless of column length, and 
therefore only gives good results for short columns. 
5) It is apparent from Table 2.4 that the critical loads obtained 
by the flexural-torsional relationships were little affected by 
the eccentricity of loading. This is because the purely 
torsional load PO is much higher than the purely flexural load 
P. Consequently in the relationships (2.58) to (2.60) P is 
the dominant factor that influences the value of P. Cr 
6) The . post-critical portion of the load-deformation curves for the 
centrally loaded members (e = 0) lay below those for 
eccentricities of 5,10,15 and 20 mm. This was because the 
centrally loaded columns were presumed to fail by buckling about 
the weak (y-y) axis whereas the eccentrically loaded columns 
failed about the strong (x-x) axis. The comparison between the 
behaviour of the concentrically and eccentrically loaded 
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tee-section columns in this study must therefore take into 
account the difference in the failure modes of the two cases. It 
is for this reason that for lengths greater than 600 mm (in 
Table 2.4) the centrally loaded columns have lower ultimate 
loads than some eccentrically loaded columns. If the section 
geometry were such that all the columns, including those 
concentrically loaded, failed in by bending in the plane of 
symmetry, then the centrally loaded columns would always have 
the highest critical loads. It should be appreciated that the 
column section used in the current studies was selected 
arbitrarily. 
Although Jezek's approach to the column problem yields equations 
that give the full load-deformation characteristic of the column, 
making it a powerful theory for the prediction of the behaviour of 
eccentrically loaded columns, however, a main characteristic of 
Equations (2.40) and (2.41) is that they are complex expressions 
which yield up to three values of average stress ßo for every value 
of central lateral deflection ym The analyst has therefore to 
decide which set of values forms the required GO ym graph 
consistent with Table 2.1 or Figure (2.6). Figure (3.29) shows the 
possible graphs that can be obtained from Equations (2.40) to 
(2.42) for the tee-section column 780 mm long. The analytical graph 
consistent with Table 2.1 or Figure (2.6) is graph (b). By 
comparing this graph with that obtained from the compression tests 
of Chapter 3 it is immediately apparent that the two do not agree. 
It is, however, interesting to note that graph (a) is similar to 
the graphs in Figure (1.13) obtained by Paris's method described in 
Chapter 1, where the maximum load is equal to the yield load and is 
independent of column length. This graph, however, is more 
consistent with the experimental results of Chapter 3 and has, for 
this reason, been adopted as a better approximation of the 
behaviour of concentrically loaded pin-ended columns of the 
tee-section in question for short and medium lengths. 
"No other field in the study of strength of materials has such a 
varied history as the theory of the buckling strength of 
compression members in metal structures... " Although 
"... substantial progress has been made in solving theoretically 
many complex problems .... a majority of these theoretical solutions 
still remain to be verified by experimental research... " - Bleich 
(1952), p. 1. 
cOiApirEfft 3 
AXIAL TESTS 
3.1 Introduction 
The theoretical behaviour of tee-section steel columns set out 
in Chapters 1 and 2 could only be verified by experimental axial 
tests on specimens. Two kinds of axial tests were carried out: 
(a) twelve standard tensile coupon tests to establish the tensile 
properties of the steel material, and 
(b) thirty "pin-ended" column tests to study the effect of 
eccentricity of loading on the buckling characteristics of the 
members. 
Standard tensile testing was carried out in accordance with the 
British Standards specification BS 18 (1971), while column testing 
was in accordance with the Column " Research Council Technical 
Memoranda (Johnston, 1976). Two column lengths were used both of 
which were selected so that they buckled before they yielded. The 
column specimens were therefore slender. It is interesting to note 
that although BS 18 is flexible on the dimensions of rectangular 
section test pieces, and in particular the width of the ends, 
preliminary trial tensile tests undertaken in the initial stages of 
the investigation showed that if the ends were not much wider than 
the gauge length then multiple yielding of the specimen was 
possible. From the stress-strain relationship of such a specimen 
some properties such as the elastic modulus and the maximum tensile 
stress could still be obtained, but the rest of the post-yield 
values of stress and strain were more difficult to interpret. The 
specimen dimensions were therefore redesigned and more conventional 
results obtained. 
The object of the compression tests was to study experimentally 
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the behaviour of pin-ended tee-section members under eccentric 
end-load in the plane of the web which is also the axis of symmetry 
of the cross-section. Positive eccentricity was measured from the 
geometrical centre of gravity of the tee-section towards the tip of 
the web. Five nominal eccentricities of 0,5 mm, 10 mm, 15 mm, and 
20 mm were dealt with. The experimental results were compared with 
the theoretical predictions given in the preceeding last two 
chapters, and the implications formed the basis for the analysis, 
design and construction of the space truss models studied in the 
subsequent chapters. 
3.2 Previous experiments on tee-section columns 
While considerable experimentation has been carried out on 
struts of other cross-sections such as angles (Mackay and 
Williamson 1953, Short 1977, Madugula and Ray 1984a and b), I's 
(Hill and Clark 1951, Bijlaard et al 1953, Bojidar and Gjelsvik 
1977, Bradford and Trahair 1986, Davids and Hancock 1986a and b), 
rectangular and square bars and tubes (Clark 1953, Bijlaard et al 
1953, Sherman and Lukas 1970) and circular hollow sections (Supple 
and Collins 1980, Parke 1988), few have involved tee-section 
struts. 
Hariri (1967) performed a series of tests on the behaviour of 14 
pinned-end tee-shaped aluminium alloy columns with a view to 
ascertaining the applicability of the results obtained from an 
incremental non-linear finite difference analysis. The tee-section 
column was obtained by splitting longitudinally 6 inch x4 inch 
6061-T6 rolled aluminium alloy H-sections. The material properties 
of the columns were determined by compression tests on two 
specimens of the complete H section. The testing was carried out in 
the TINIUS OLSEN 40000 pounds Mechanical Testing Machine at the 
rate of machine head movement of about 0.025 inch per minute in the 
elastic range and 0.05 inch per minute in the inelastic range. In 
the first series of the tests it was attempted to support the 
column at the mid-height at either the flange or the web side and 
in the direction parallel to the web and normal to the column axis 
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in order to study the load versus deflection history of the column 
after initiation of buckling in the x-direction, the symmetry axis. 
The measured ultimate load carrying capacity was considerably 
higher than the anticipated theoretical value. The possible reasons 
for this discrepancy were offered as: (i) the existence of the 
mid-height support which changed the effective length and the mode 
of behaviour of the column; (ii) the existence of the eccentricity 
of loading at the ends, no matter how small, in the positive 
direction of x, towards the tip of the web, produced a horizontal 
force in the lateral support and this, in turn, changed the mode of 
transverse deflection so that instead of deflecting one way the 
column deflected the other way; and (iii) the existence of even 
negligible initial imperfections or crookedness in the plane 
parallel to the web and towards the negative direction of x had the 
same effect as end eccentricity. The columns failed by local 
buckling of the flange. 
In subsequent tests local buckling was eliminated by reducing 
the widths of the original test specimens. In addition the central 
lateral support was omitted, and by intentionally introducing end 
eccentricity along the axis and in one ' direction or the other, the 
column was forced to deflect 
An important observation made 
buckling behaviour 
difference exists in 
in the arbitrarily chosen direction. 
in Hariri's experiments was that in 
of a tee-section 
the ultimate load 
column when it buckles in the plane of 
from the flange. 
column a considerable 
carrying capacity of the 
symmetry towards or away 
Kennedy and Madugula (1972) conducted tests on 27 tee struts 
with hinged and fixed end conditions subjected to concentric axial 
loading. The slenderness ratios were chosen so as to induce failure 
in the inelastic range. They used the transition curve to predict 
the inelastic buckling stresses, and pointed out that the code 
formulae current then did not correctly take into account 
flexural-torsional buckling, which is a prevalent form of failure 
among double-angle and tee struts. 
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Kitipornchai and Lee (1986b) carried out an experimental 
investigation into the inelastic buckling of 54 axially loaded 
pin-ended single-angle, tee, and double-angle struts of various 
slenderness ratios. Specially designed supports allowed the end 
cross-sections to rotate about the longitudinal axis. All struts 
failed in the inelastic range by excessive bending and twisting. 
Kitipornchai and Lee showed that the relevant design rules in the 
AISC specification (Johnston, 1978) were satisfactory for single- 
and double-angle struts, but were slightly unconservative for tee 
struts. They also recommended that for single- and double-angle 
struts, the load-slenderness curve 2, and for tee struts, curve 3, 
of the Steel Structures Research Committee be adopted (Baker, 
1954). 
3.3 Experimental studies 
3.3.1 Preparation of test pieces 
Tensile tests 
Because both the behaviour of members in compression and tension 
depends on the tensile properties of the steel material, it was 
necessary to carry out laboratory coupon tests to establish this 
behaviour and to compare it with the manufacturer's specifications. 
The steel was supplied by I. S. &G. Steel Stockholders Limited in a 
batch of six-metre-long cold-rolled mild steel tee-section bars of 
nominal cross-sectional dimensions of 25 mm x 25 mm x3 mm. The 
manufacturer was unable to supply details of the tensile strength, 
yield stress, or any other tensile properties of the material. 
The test pieces were prepared and tested in accordance with the 
British Standards specification BS 18 (1971). Twelve pieces of 
length 210 mm were sawn from tee-section bars randomly selected 
from the batch. The web of each piece was then finished to a 
rectangular section test piece by milling. The shape of a typical 
tensile test piece is shown in Figure (3.1). The dimensions of each 
test piece are presented in Table 3.1. The test pieces were held in 
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Figure (3.1) The shape of a standard rectangular tensile test 
piece. The symbols used in the figure are defined as follows: t= 
thickness of specimen at centre; b= width of specimen at centre; B 
= width of the wider face; A= cross-sectional area of the gauge 
length =tb; L0 = gauge length; LL = parallel length; Lc = total 
length; and R= transition radius. The dimensions of the various 
pieces tested are given in Table 3.1. 
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Figure (3.2) Tee cross-section dimensions. In the figure, B= width 
of flange; D= depth of section; tf = flange thickness; tW = web 
thickness; and Cy= distance of the centroid c. g from the outer 
fibre of the flange. 
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qm+ 
I figure 0 
. 
3) Comparator for nucatiurin" the crool. cdrtcss of it number. 
The comparator consisted of a dial vvith it "Cnsitivity of 0.01 
mm mounted on a surface gauge. The offsets along the member were 
determined by sliding the comparator along a flat table on which 
the member was firmly held by magnetic blocks. 
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Figure (3.4) Points of reference for the measurement of initial 
crookedness of a column. To measure the crookedness of the 
longitudinal axis passing through any point on the member, the 
comparator shown in Figure (3.3) was slid along the axis and the 
offsets with respect to the member ends represented the crookedness 
of the member along that axis. 
IT 
cent roidal 
axis 
I 
i 
i 1 
3 
testing machine grooved 
cross-head plates 
Figure (3.5) Column end detail showing a "pinned" condition. The 
"pin" at each end of the column consisted of a 12.7 mm (1/2 inch) 
diameter steel ball bearing seating between two heat-hardened 
grooved steel plates. The smoothness of the "pin" was further 
improved by lubricating the ball and plates with oil. 
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Figure (3.6) General view of the column end. 
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the testing machine by welding the specimens to square blocks which 
locked into special jaws. Care was taken to ensure that the load 
was applied to the test piece as axially as possible. 
Compressive tests 
Thirty column specimens were sawn from six bars randomly 
selected from the batch of bars supplied by I. S. &G. Steel 
Stockholders. Fifteen of the specimens were milled in a milling 
machine to lengths of 560mm, and the remaining fifteen were milled 
to lengths of 710mm. As described later in this section, the 
resulting effective lengths, taking into account the end details, 
were, respectively, 630 mm and 780 mm. The naming of the column 
specimens is of the form C1-05, where "Cl" stands for the parent 
bar identification from which the column specimen was cut and the 
suffix "05" stands for the eccentricity in millimetres to which the 
specimen was loaded. Hence all "Cl" columns were cut from the same 
bar of mark 1, and all column specimens bearing the suffix "05" 
were loaded with 5 mm eccentricity. 
(i) Initial cross-section dimensions: For each column specimen 
the cross-section dimensions tf, tW, B and D shown in Figure (3.2) 
were measured at five stations along the column (the quarter 
points) with a micrometer screw gauge reading to an accuracy of 
0.01 mm. The mean of the five readings for each dimension were 
taken as the dimension for the specimen. 
(ii) Initial crookedness: The initial crookedness of each 
specimen was measured at nine stations spaced at one-eighth of the 
column length using a comparator made by mounting a dial gauge on a 
surface gauge (Figure (3.3)). By sliding the comparator along a 
flat table on which the column specimen was held the offset of any 
point on the member could be measured with respect to a chosen 
datum. The camber offset of the major axis x-x normal to the minor 
axis y-y was determined from the average of two readings la and lb 
- one referenced to the tip of the web and the other referenced to 
the centre of the flange, respectively, (Figure (3.4)). The camber 
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offset of the minor axis y -y normal to the major axis x-x was 
determined from six readings 2a, 2b, 3a, 3b, 4a and 4b. Readings 2a 
and 2b were taken at points in the plane of the x -x axis. The 
average of the six readings was considered to be the offset of the 
Y -Y axis. The initial angle of twist was computed from the 
relationship: 
angle of twist in radians = 
(offset at 2-2) - (offset at 4-4) 
distance between 2-2 and - 
The offsets at sections 2-2 and 4-4 were the average of 2a and 2b, 
and 4a and 4b, respectively. The initial out-of-straightness of the 
principal axes and the twist of the column are presented in Table 
(3.3). ' 
(iii) End conditions: The column ends were fillet welded on to 
30 mm thick rectangular blocks stiff enough not to deform during 
loading, but thin enough to transmit the applied load to the column 
cross section at the desired eccentricity. The desired eccentricity 
was achieved by offsetting the centroidal axis of the column with 
respect to that of the end block. Five millimetre grooves cut in 
the shape of the T-section helped guide " the column into position on 
the end block. Specimens were prepared for eccentricities ranging 
from 0 to 20 mm in the plane of symmetry of the tee section. The 
column supports were "pinned" so as to permit both end bending 
rotations and twisting. The "pin" at each end of the column 
consisted of a 12.7 mm (1/2 
two smooth hardened grooved 
the centres of the end block 
surface end fixture of the 
was designed in such a 
grooves were co-axial with 
inch) diameter ball bearing seating in 
steel plates embedded, respectively, at 
and a plate bolted to the hard flat 
loading machine cross head. The assembly 
way that the geometric centres of the 
the centres of the loading machine cross 
head and the line of action of the pristine column specimen. 
Details of the end fixtures are described in Figure (3.5) and shown 
in Figure (3.6). 
The distance between the ball centre and column end cross 
section was 40 mm, giving a total of 80 mm for both supports. The 
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effective length of the test struts was taken to be the actual 
length plus this extension less the two 5 mm guide grooves. Since 
the actual column lengths were 560 and 710 mm, the effective 
lengths were, respectively, 630 and 780 mm. 
3.3.2 Instrumentation 
Tensile tests 
A 50 kN capacity R. D. P. -Howden type T100 Universal Twin Screw 
Driven testing machine with an associated R. D. P. control console 
type E179A was used under displacement-control to apply the 
displacement and measure the axial load on the tensile specimen. 
The output signal from the load cell was amplified by an R. D. P. 
Load Amplifier type E199 and fed into the data logger. An R. D. P. 
free unguided armature linear variable differential transformer 
(LVDT) transducer type D5/2000 with a total working stroke of ±50 
mm was mounted to the machine to monitor the cross-head 
displacement. The LVDT transducer was certified by R. D. P. 
Electronics Ltd. to have a linearity better than ±0.15% of its 
working range. The LVDT transducer was used in conjunction with an 
R. D. P. Ranged Amplifier type E255 to provide an output signal for 
the data logger. An R. D. P snap-on dual electronic Extensometer type 
DHE 25/50 with 25 and 50 mm reset gauge length and a total 
measuring range of 1 mm enabled the average of the gauge length 
extension to be monitored. The extensometer output signal was 
amplified with an R. D. P. extension amplifier type E199 before being 
fed into the data logger. 
The data logger used to record and store the experimental data 
was the Spectra-xb system supplied by Intercole Systems Limited. 
The Spectra-xb system was a complete microcomputer-controlled, 
programmable, data-logging system running the high-level language 
BASIC. The system was a compact, portable, stand-alone data logger 
providing an extensive range of measurement and control functions 
which included precision analogue measurement facilities, digital 
input and output, control functions and pulse 
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accumulation/counting. LVDT transducers, strain gauges, etc., could 
be directly wired to the system, which energised and conditioned 
the signals to enable fast and accurate measurements to be made. 
All functions were under the control of a 16-bit DEC LSI-11 
microprocessor running BASIC software. Programs were written in 
BASIC and both measured data and user written programs were stored 
on a floppy disc unit. System control was achieved from a visual 
display unit (VDU) attached via a semi-line port. Connected to the 
system was a slave printer which provided a hard copy of all 
measured data. Figure (3.7) shows a general view of the tensile 
test set-up. 
Compressive tests 
The column specimens were loaded in compression under 
displacement control by a 120CG Universal twin screw-driven testing 
machine supplied by SATEC Systems, Inc., of Grove City, 
Pennsylvania, USA. The loading rate was controlled from an 
R. D. P. -Howden type E350 control unit. The testing machine had a 
loading capacity of 500 kN. The reactive load was automatically 
logged via an R. D. P. -Howden type E359 amplifier into the data 
logger and XY plotter. 
The overall axial shortening of the columns was measured by 
monitoring the cross-head displacement with an R. D. P. free unguided 
armature LVDT transducer type D5/2000. The amplified signals were 
fed both into the data logger and the XY plotter. 
Lateral displacements at the column centre were also measured 
with R. D. P. LVDT transducers type D5/2000. A transducer mounted 
vertically on clamps was connected to the point of interest via a 
thin strong inextensible horizontal cotton string that passed over 
a small smooth fixed pulley mounted to rotate in the vertical 
plane. Hence the movement of the point was translated into the 
vertical displacement of the transducer plunger. 
All measurement data for the compression tests was recorded by 
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Figure (3.7) Typical tensile test set-up. The tests were carried 
out in a T100 Universal twin screw-driven testing machine running 
under displacement control at the rate of 0.1 mm per minute up to 
yield load and well into the strain-hardening region before 
increasing the rate of straining by a factor of ten. 
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(h) Close-up view showing suing ittaýhnýenis 
Figure (3.8) Typical compression test set-up. The tests were 
carried out in it SATI: C 12000 Universal twin screw-driven testing 
machine running under a displacement-controlled strain rate of 0.1 
mm per minute up to the maximum load and well into the 
post-buckling region before increasing the rate of straining to 1.0 
min per minute. 
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the Intercole Systems Limited Spectra-xb data logging system 
described above. Figure (3.8) shows a general view of the 
compression test set-up. 
LVDT amplifier 
LVDT transducers 
Ex t ensometer 
amplifier 
Ex t ensometer 
Test specimen 
XY Plotter 
Data logger 
Paper 
printer 
VDU monitor 
and Keyboard 
Testing machine 
Control console and 
Load ampl i fier 
Operator 
Figure (3.9) Experimental layout scheme for the axial tensile and 
compressive tests. The extensometer was used only in the tensile 
tests to measure the extension of the gauge length of the test 
piece. The arrows indicate the direction of signal flow. 
3.3.3 Test procedure 
Tensile tests 
After recording the "zero" readings the test piece was strained 
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at the rate of 0.1 mm per minute up to yield load and well into the 
strain-hardening region before increasing the test speed by a 
factor of ten. The change of straining speed was made gradually to 
avoid shock to the specimen. The experiment was stopped after the 
test piece fractured. The readings were all recorded automatically 
by the data logging system at intervals of 20 seconds. It was also 
possible to automatically plot the load-displacement relationship 
of the tensile specimen during the course of the experiment by 
feeding output signals from the amplifiers for the load and LVDT 
transducer into an XY plotter. This showed at a glance the progress 
of the test and any abnormal behaviour was immediately noticed and 
corrective action taken. Figure (3.9) summarises the closed loop 
control system used in the. experiments. 
Compressive tests 
After the specimen was aligned in the testing machine, the test 
was started at a loading rate of 0.1 mm per minute. The load and 
all the transducer readings were recorded automatically by the data 
logger at intervals of 20 seconds. The experiment was run at this 
rate until the column buckled. This rate was maintained well into 
the post-buckled region before gradually increasing it to higher 
values until it was considered either unsafe or impractical to 
carry out any further deformation of the specimen. 
3.3.4 Test results 
Tensile tests 
The initial - geometrical dimensions of the tensile specimens 
tested are presented in Table 3.1. Figure (3.10) shows a typical 
load-displacement relationship obtained from one of the coupons 
tested in tension. From the test curves and the specimen dimensions 
before and after the test various tensile properties have been 
determined and are presented also in Table 3.1. The twelve tests 
carried out were considered a sufficient number to represent all 
variations of the material of the batch. The following method was 
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Figure (3.10) Stress-strain relationship for tensile specimen T15. 
All the specimens were tested in an R. D. P. -Howden type TWO 
Universal twin screw-driven testing machine running under a 
displacement-controlled strain rate of 0.1 mm per minute up to 
yield point and well into the strain-hardening region before 
increasing the rate of straining to 1.0 mm per minute. Table 3.1 
shows the results obtained for the twelve tensile test specimens. 
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Figure (3.11) Typical tensile stress-strain relationship for the 
material. The relationship was constructed from twelve individual 
tensile tests using a method described in Section 3.3.4. Table 3.1 
shows the mean tensile properties obtained for the material. 
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Table 3.1 Properties of the tensile test specimens. 
TENSILE 
. SPEC N 
t 
(mm) 
b 
(mm) 
A 
(mm2) 
ayl 
(N/mm2) 
ayu 
(Nimm 
2) 
a ul t 
(Nimm 
2) 
E 
(Nimrn2 ) 
öf 
(%) 
T10 3.40 6.29 21 . 39 290 311 416 
206661 34.1 
T11 3.40 5.94 20.20 284 284 406 207028 32.9 
T12 3.41 6.12 20.87 278 304 410 207481 25.5 
T13 3.40 6.27 21 . 32 272 276 403 206139 
35.1 
T14 3.42 6.20 21 . 20 276 287 401 207817 
32.1 
T15 3.41 5.94 20.26 283 305 414 207364 30.1 
T16 3.41 6.31 21 . 52 277 284 410 206958 
32.0 
T17 3.39 5.94 20.14 284 326 403 205178 30.2 
T18 3.42 5.80 19 . 84 277 
300 406 206617 29.2 
T19 3.40 6.00 20.40 279 318 421 207301 37.7 
T20 3.39 6.21 21 . 05 296 
3 08 420 2067 00 29.9 
T22 3.43 5.87 20.13 290 308 412 209406 31.3 
MEAN 3.40 6.07 20 . 69 282 301 410 
207054 31.7 
S. D 0.0 1 0.18 0.59 7 15 7 10 13 3.1 
The symbols used in the above table are defined as follows: t= 
thickness at centre of the gauge length; b= width at centre of the 
gauge length; A= cross-section area at centre of the gauge length; 
ßyl = lower yield stress; 6 
yu = 
upper yield stress; oult = ultimate 
tensile strength; E= Young's modulus; Sf = percentage elongation 
after fracture; and S. D = standard deviation. In all the specimens 
the following dimensions determined in accordance with the British 
Standards specification BS 18 (1972) were used: width of the ends 
of specimen B= 15 mm; gauge length L0 = 50 mm; parallel length Lc 
= 64 mm; total length Lt = 200 mm; and transition radius R= 31.75 
mm. 
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used to construct a typical stress-strain curve for the material. 
1) Identify the experiment with the largest strain value. For each 
of the recorded strain values of this experiment find 
corresponding stress values for all the experiments, carrying 
out linear interpolations where necessary. Where a reference 
strain value lies beyond the fracture point of any curve, the 
stress is taken as equal to that on the reference curve. 
2) Average all stress values for each of the fixed values of 
strain. 
3) The average stress values obtained and the corresponding strain 
values constitute pairs for the mean typical stress-strain curve 
for the material. 
Another commonly used method for obtaining a typical .. stress-strain 
curve from a number of individual curves has been outlined by 
Johnston (1976). 
Figure (3.11) shows the typicäl stress-strain relationship 
obtained for the material in the current study. As the figure 
shows, the stress-strain relationship obtained for the material 
consists of an initially steep straight part. The slope of this 
straight portion of the graph is called the elastic modulus, or 
Young's modulus, E. This was found to be 207054 N/mm2 with a 
standard deviation of 1013 N/mm2 (0.49% of the mean). A point is 
then reached at which the material begins to yield and the stress 
remains nearly constant as extensive straining takes place. This 
portion is called the plastic range. Two important values of stress 
may be identified within the plastic range, namely: (1) upper yield 
stress, a, which is the value of stress at the commencement of 
yu 
plastic deformation. This value of stress is a local peak and may 
be less than subsequent peaks in the region. The upper yield stress 
was found to be a= 301 N/mm2 with a standard deviation of 15 
or N/mm2 or 4.98% of the mean; and (2) lower yield stress, a 1, which 
is the lowest value of stress measured in the plastic range, 
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ignoring any initial transient effects. This was found to be cr= 
282 N/mm2 with a standard deviation of 7 N/mm2 (2.48% of mean). 
At the end of the plastic plateau, the stress begins to increase 
again with increasing strain, but at an ever decreasing slope of 
the curve until a maximum or ultimate value of stress called 
tensile strength, ßult, is reached. The ultimate tensile strength 
was found to be 6 it = 
410 N/mm2 with a standard deviation of 7 
N/mm2 (1.71% of mean). The increase of stress beyond the plastic 
range is referred to as strain-hardening. After the attainment of 
the maximum value, the stress begins to fall as the tensile 
specimen "necks" down at a section within the gauge length until it 
breaks into two. The percent elongation (comparing final and 
original lengths of the gauge length) of the specimen gives the 
ductility of the specimen. Ductility is the amount of permanent 
strain (that is, strain exceeding the proportional limit) up to the 
point of fracture. In the experiments the proportional limit and 
the yield point were so close to each other that they were 
practically indistinguishable. 
Compressive tests 
The displacement of the minor y-y axis was determined by 
averaging the measurements of the flange tips normal to the axis. 
The displacement of the x-x axis was determined from the 
measurements at a point on the web in the plane of the y-y axis 
(Figure (3.12)). 
The angle of twist of the column was determined from the flange 
width B and the displacements of the two flange tips. Consider a 
column displaced as shown in Figure (3.13). The lateral 
displacements of the right and left tips of the flange are Ayr and 
Ayl, respectively. The angle of twist 0 is given by: 
cos 0= 
Ayr - °yl +ý 
°yý 
r 
lJ 
--- - -- B 
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The quantity 
eye 2 
is very small compared with unity. Hence: 
cos 0 
or 
Ayr - eyl +i- 
Ay 
B 
Ay `) 
[I»'r -ey i +tf e COSI ýýý 
Since the lateral deformations considered are large, the readings 
recorded by the transducers for one axis are influenced by the 
deformations in the other axis in the following manner. First 
consider the lateral displacement of the x-x axis in the plane of 
the y-y axis. Let yt be the horizontal distance between the plum of 
the transducer and point of string attachment on the column (Figure 
(3.14a)). Horizontal displacement Oz of the point in the plane of 
the Y -Y axis increases the horizontal - distance yt to Y.. This 
results in an upward displacement of the transducer plunger of 
(y; -y1), making the transducer reading more positive by this amount. 
Now by Pythogoras' theorem, y; = yi + (AX)2. Therefore, 
... (3.2a) 
The transducer reading must therefore be reduced by (y 
Consider now the effect of longitudinal axial deformation 
- yd. 
on the 
lateral displacement reading. If in the Figure (3.14b) 11 is the 
initial length of the column and yt is the distance of the column 
centre from the transducer, then 1. and yl, respectively, are the 
two distances after a strain application on the column, and the 
correction needed on the transducer reading is: 
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Figure (3.12) Points on the tee-section for which lateral 
displacements were measured. The lateral displacement measurement 
points are indicated by ("); LVDT transducer positions are 
indicated by ( ); the thick lines (-) show the horizontal strings 
that connected the points on the column to the LVDT transducers via 
pulleys mounted directly above the LVDT transducers. 
y 
4- ß -»1 
C. 
1\ 
go - 
eyý 
Figure (3.13) Determination of the angle of twist of a tee-section 
column. The angle of twist 0 is determined from the flange width B, 
flange' thickness If and the displacements of the right (Ay,, ) and 
left (ey) tips of the flange in the y-y direction using the 
relationship (3.1). 
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Figure (3.14) Correction for displacement readings of LVDT transducers. 
yi - yl = yl + (er)2 - yl ... (3.2b) 
where Al = 1t - 1.. Hence the lateral displacement transducer 
reading for the x-x axis must be reduced by: 
yl + (ý)2 -y+y, + (0l)2 -y ... (3.3a) 
Similarly the lateral displacement reading for the y-y axis must be 
reduced by: 
xi + (Ay) 2- xl + [/xi + (Al)2 - xl ... (3.3b) 
Clearly the longer the distances x1 and y1, the smaller the 
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error introduced in the lateral deflection measurements by ignoring 
the above corrections. It is also clear that to compute the value 
of expression (3.3a) the value of expression (3.3b) must be known, 
and vice versa. The corrections Ax and Ay can therefore only be 
computed by an iterative procedure to the desired accuracy. For 
concentrically loaded columns Ax will generally be small compared 
to Ay and therefore a good initial approximation may be obtained by 
ignoring Ax in expression (3.3a). On the other hand for columns 
loaded with an eccentricity in the plane of symmetry (that is, y-y 
axis), Ay will generally be small in comparison with Ax, and a good 
initial approximation may be obtained by ignoring Ay in expression 
(3.3b). 
The dimensions and the geometrical cross-sectional parameters 
computed therefrom are presented in Table 3.2. Table 3.3 shows the 
maximum column initial out-of-straightness while Figure (3.15) 
shows an exaggerated typical out-of-straightness configuration of a 
column specimen as measured prior to testing. Relationships of both 
the experimental and theoretical overall axial shortening and 
central twist against the axial load are presented graphically in 
Figures (3.16) to (3.28). Table 3.4 compares the experimental and 
theoretical maximum loads supported by the column specimens. 
The theoretical curves were drawn from Equations (2.40) to 
(2.42) which were derived on the assumption that the stress-strain 
relationship of the material was ideal elasto-plastic. 
Imperfections in the column specimens resulting from residual 
stresses and possible accidental eccentricity of loading or initial 
bow of the axes were not included in the calculations. The measured 
initial geometrical imperfections were found to be of negligible 
magnitude in comparison with the applied eccentricity values. 
Pinned column ends were assumed. The results show that: 
1) the theoretical ultimate loads were higher than the experimental 
ones; 
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Table 3.2 Geometrical cross-sectional properties of column specimens. 
COLUMN 
SPEC'N 
D 
(mm) 
B 
(mm) 
tw 
(mm) 
tf 
(mm) 
A 
(mm2) 
CY 
(mm) 
Ix 
(mm4) 
IY 
(mm4) 
rx 
(mm) 
rY 
(mm) 
C1-00 24 70 25.23 3.39 3.48 159 . 73 7.30 8820.65 4726.14 7.43 5.44 
CI-05 24.71 25.23 3.41 3.48 160 . 09 7.32 8855.89 4723.70 7.44 5.43 
CI-10 24.70 25.22 3.38 3.48 159 . 57 7.29 8804.87 4724.23 7.43 5.44 
C1-15 24.70 25.22 3.40 3.48 160 . 05 7.32 8847.27 4725.24 7.43 5.43 
CI-20 24.71 25.23 3.39 3.48 159 . 83 7.30 8826.03 4731.49 7.43 5.44 
C2-00 24 72 25.28 3.41 3.49 160 . 68 7.29 8806.62 4768.62 7.43 5.45 
C2-05 24 71 25.24 3.40 3.49 160 . 29 7.31 8850.76 4747.35 7.43 5.44 
C2-10 24 72 25.25 3.42 3.49 160 . 77 7.33 8896.73 4756.52 7.44 5.44 
C2-15 24.71 25.23 3.40 3.49 160 . 17 7.34 8854.10 4734.26 7.44 5.44 
C2-20 24.72 25.22 3.41 3.49 160 . 26 7.32 8868.77 4731.20 7.44 5.43 
C3-00 24.71 25.22 3.38 3.49 159 . 71 7.32 8890.46 4735.12 7.44 5.45 
C3-05 24.74 25.19 3.38 3.49 159 . 69 7.31 8836.17 4715.49 7.44 5.43 
C3-10 24.71 25.22 3.39 3.48 159 . 92 7.34 8838.50 4727.55 7.43 5.44 
C3-15 24.72 25.26 3.40 3.49 160 . 39 7.31 8870.24 4755.75 7.44 5.45 
C3-20 24 71 25.21 3.40 3.49 159 . 98 7.31 884 1 . 79 4725.90 7.43 5.44 
C4-00 24 71 25 18 3.39 3.50 159 . 94 7.30 8827.50 4722.31 7.43 5.43 
C4-05 24.72 25.20 3.38 3.49 159 . 64 7.30 8819.57 4721.96 7.43 5.44 
C4-10 24 70 25.19 3.39 3.50 160 . 03 7.30 8828.60 4726.64 7.43 5.44 
C4-15 24.71 25.15 3.38 3.49 159 . 53 7.30 8804.79 4694.07 7.43 5.42 
C4-20 24 70 25 18 3.38 3.50 159 . 78 7 29 8804.40 4721.02 7.42 5.44 
C5-00 24 70 25.24 3.39 3.49 160 . 02 7.30 8829.35 4742.61 7.43 S. 44 
C5-05 24 69 25 23 3.37 3.49 159 . 44 7 28 8782.16 473 1 . 92 7.42 5.45 
C5-10 24.70 25.25 3.40 3.48 160 . 03 7.34 8834.73 4738.50 7.43 5.44 
CS-15 24.70 25.24 3.41 3.49 160 . 26 7.31 8848.34 4742.23 7.43 5.44 
CS-20 24.70 25.25 3.41 3.49 160 . 26 7.31 8847.08 4746.44 7.43 5.44 
C6-00 24 . 70 25 . 23 3.41 3.49 160 . 45 7.34 885 8 51 4746.05 7.43 5.44 
C6-05 24 70 25.25 3.40 3.49 160 . 56 7.34 8865.41 4759.65 7.43 5.45 
C6-10 24.70 25.21 3.40 3.50 160 . 39 7.30 8845.61 4746.55 7.43 5.44 
C6-15 24.70 25.18 3.39 3.50 159 . 89 7.29 8810.21 4724.80 7.42 5.44 
C6-20 24.69 25.20 3.38 3.49 159 . 55 7.29 8794.78 4717.01 7.42 5.44 
MEAN 24 . 71 25 . 22 3.40 3.49 160 . 03 7.31 883 7 . 01 4733 . 67 7.43 5.44 
S. D 0.03 0.03 0.01 0.01 0 . 40 0.01 28.95 15.581 0.01 0.01 
In the table the symbols are defined as follows: B= flange width; D 
= section depth; tw = web thickness; tt = flange thickness; C= 
distance of centroid from outer fibre of flange in the y-y axis; A= 
area of section; I= 2nd moment of area about x-x axis; I= 2nd x y 
moment of area about y-y axis; rx = radius of gyration about x -x 
axis; and rr= radius of gyration about y-y axis. 
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Table 3.3 Column specimen mid-length initial out-of-straightness. 
540 mm 
x -x plane y -y plane 
COLUMN Twist 
SPEC 'N Di splacement 
(mm x 10-2) 
Form of 
curvature 
Di splacement 
(mm x 10-2) 
Form of 
curvature 
(ra dians) 
CI-00 +1.25 Double +0.08 Triple + 0.00 
C1-05 +3.50 Single -6.33 Single - 0.05 
C1-10 -2.25 Double +1.17 SingIt + 0.02 
CI-15 +1.50 Double -1.08 SingIt - 0.04 
Cl -20 -1.00 Single +0.50 Single + 0.19 
C2-00 -0.50 Local -2.75 Single + 0.05 
C 2- 05 -1 . 75 Triple +0.25 
Double 0.00 
C2-10 +1.00 Single +3.75 Double - 0.05 
C2 -15 0.00 Triple +5.00 Single + 0.04 
C2-20 -0.50 Double +7.75 Single + 0.01 
C3 -00 -2.00 Single +3.75 Single - 0.02 
C3-05 -1 . 00 Single +4.25 
Double - 0.09 
C3-10 -1.00 Single +4.25 Double - 0.09 
C3-15 -6.00 Sing Ie +0.00 Double - 0.11 
C3-20 -1 . 00 Single +4.25 
Double - 0.09 
MEAN -0.65 Single +1.66 Single - 0.02 
(b) 1= 690 mm 
x -x plane y -y plane COLUMN Twist 
' Dis placement Form of Dis placement Form of (radians) N SPEC 
(mm x 10-2) curvature (mm x 10-2) curvature 
C4-00 -0.75 Triple +5.92 Double + 0.09 
C4-05 -2.50 Local -3.75 Single - 0.02 
C4-10 -5.50 Single -7.17 Double - 0.24 
C4 -15 -8.00 Double + 15.83 Single + 0.12 
C4-20 -3.75 Double -3.42 Double - 0.41 
C5 -00 +0.50 Triple -2.75 Single + 0.12 
C5-05 -3.75 Single -4.25 Double +0 . 31 
C5 -10 -4.50 Single +21.42 Single + 0.06 
C 5- 15 -3.75 Tr ip le +2.08 Double + 0.09 
C5-20 -2.00 Double +1 . 42 Double + 0.01 
C6-00 -9.75 Single -5.67 Single - 0.08 
C6 -0 5 -0.75 Triple -18.83 Single +0.04 
C6-10 -7.50 Double - 10.50 Triple - 0.47 
C6 -15 - 12.25 Single +19.92 Single + 0.64 
C6-20 -5.25 Single +7.17 Double + 0.07 
MEAN -4.63 Single +1.16 Double + 0.02 
The sense of the measurements is determined by viewing the column 
from the top end when in the testing machine (Figure (3.15)). 
Clockwise twists are positive. The length 1 is the actual length of 
the tee-section bar less the guide grooves (see Page 112). 
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Figure (3.15) Mean column specimen out-of-straightness as measured 
prior to testing. The column cross-section is viewed from the top 
end when' the column is in the testing machine. The length 1 is the 
actual length of the tee-section bar less the depth of the guide 
grooves (see Page 112). 
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Table 3.4 Comparison of the experimental and theoretical values of 
maximum load supported by the tee-section column specimens. 
(a) 1= 630 mm 
COLUMN I1r 11r C [b] 
SPEC 'N X r (mm) Expt. Theory Iý Remarks 
[a] [b] 
Cl -00 84.79 115.81 00 34 .6 4 8.1 1.39 
buckling in x-x axis 
CI-05 84.68 116.02 5 .0 19.9 23 .1 1.16 
C1-10 84.79 115.81 100 13 .5 18 .1 1.34 buckling in y-y axis 
CI-15 84.79 116.02 15.0 11 .0 15 .2 1.38 
C 1- 20 84.79 115.81 20 .0 9 .3 13 .3 1.43 
C2-00 84.79 115.60 0 .0 33 .3 4 8.1 1.44 buckling 
in x-x axis 
C2-05 84.79 115.81 50 19 .7 2 3.1 1.17 
C2-10 84.68 115.81 10.0 13 .7 1 8.1 1.32 buckling in y-y axis C2-15 84.68 115.81 15.0 1 0.6 15 .2 1.43 
C 2- 20 84.68 116.02 20 .0 8 .9 13 .3 1.49 
C3-00 84.68 115.60 00 41 .4 48 .1 1.16 buckling 
in x-x axis 
C3-05 84.68 116.02 50 19 .0 2 3.1 1 . 22 
C3-10 84.79 115.81 1 0.0 13 .8 18 .1 1.31 
}buckling 
in y-y axis C3-15 84.68 116.02 15.0 11 .0 15 .2 1.38 
C3 -20 84.79 116.02 2 0.0 9 .5 13 .3 1.40 
(b) 1= 780 mm 
COLUMN Ur 11r e [b] 
SPEC' N X r (mm) Expt. Theory [a]' Remarks 
[a] [b] 
C4-00 104.98 143.65 00 27 .7 4 8.1 
7-74 uC kling in x-x axis 
C4-05 104.98 143.91 50 1 5.6 18 .8 1.21 
C4-10 104.98 143.38 10 .0 1 0.9 1 5.1 1.39 
}buck1ing 
in axis - C4-15 104.98 143.91 15.0 8.8 12 .9 1.47 y y 
C 4- 20 105.12 143.38 20 .0 7.4 11 .4 1.54 
c5-00 104.98 143.38 00 26.5 48 .1 1 . 82 
buckling in x-x axis 
C5-05 105.12 143.12 50 1 5.2 18 .8 1.24 
C5-10 104.98 143.38 10.0 1 1.2 1 5.1 1.34 buckling in y-y axis C5 15 104 8 14 8 - .9 3.3 15.0 8.9 12 .9 1 . 45 
C5-20 104.98 143.38 20 .0 7.6 11 .4 1 . 50 
C6-00 104.98 143.38 0.0 27 .8 48 .1 1.73 buckling 
in x-x axis 
C6-05 104.98 143.38 5 -0 16.3 18 .8 1.15 
C6-10 104.98 143.38 1 0.0 1 1.1 1 5.1 1.36 }buckling in 
y-y axis C6-15 105.12 143.38 15.0 8.8 12 .9 1.47 I C6 -20 105.12 143.38 2 0.0 7.4 11 .4 1.54 
The theoretical results are based on Equations (2.33) and (2.39). 
All the specimens were tested in a SATEC 120CG screw-driven testing 
machine running under a displacement-controlled strain of 0.1 mm 
per minute up to the maximum load and well into the post-buckling 
range before increasing the rate of straining to 1.0 mm per minute. 
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Figure (3.16) Load-axial deformation curves for column specimen 
C2-00. The column was centrally loaded (e = 0.0 mm) and failed by 
buckling about the minor (y-y) axis. The theoretical curve is based 
on Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress ßr= 301 N/mm2. 
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Figure (3.17) Load-axial deformation curves for column specimen 
C2-05. The column was loaded with an eccentricity e=5.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress cry = 301 N/mm2. 
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Figure (3.18) Load-axial deformation curves for column specimen 
C2-10. The column was loaded with an eccentricity e= 10.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress (y= 301 N/mm . 
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Figure (3.19) Load-axial deformation curves for column specimen 
C2-15. The column was loaded with an eccentricity e= 15.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress ay = 301 N/mm2. 
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Figure (3.20) Load-axial deformation curves for column specimen 
C2-20. The column was loaded with an eccentricity e= 20.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress a= 301 N/mm2. 
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Figure (3.21) Load-axial deformation curves for column specimen 
C4-00. The column was centrally loaded (e = 0.0 mm) and failed by 
buckling about the minor (y-y) axis. The theoretical curve is based 
on Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress ay = 301 N/mm2. 
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Figure (3.22) Load-axial deformation curves for column specimen 
C4-05. The column was loaded with an eccentricity e=5.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress a= 301 N/mm2. 
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Figure (3.23) Load-axial deformation curves for column specimen 
C4-10. The column was loaded with an eccentricity e= 10.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress ar= 301 N/mm2. 
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Figure (3.24) Load-axial deformation curves for column specimen 
C4-15. The column was loaded with an eccentricity e= 15.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress ay = 301 N/mm2. 
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Figure (3.25) Load-axial deformation curves for column specimen 
C4-20. The column was loaded with an eccentricity e= 20.0 mm 
measured from the centroid towards the tip of the web in the plane 
of symmetry (y-y axis). The column failed by bending towards the 
web in the plane of symmetry. The theoretical curve is based on 
Equations (2.40) to (2.42) and is drawn for steel of Young's 
modulus E= 207054 N/mm2 and yield stress ar= 301 N/mm2. 
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(b) L= 780.0 mm, C4 column specimens 
Figure (3.26) Comparison of the experimental load-axial deformation 
curves for different eccentricities in the axis of symmetry. The 
eccentricities were measured from the centroid towards the tip of 
the web. All the eccentrically loaded columns failed by bending in 
the plane of symmetry while the centrally loaded columns buckled 
about the minor axis. 
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Figure (3.28) Experimental load-central twist curves for C4 column 
specimens. 
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2) the difference between the theoretical and experimental ultimate 
loads generally increased with eccentricity of loading in the 
y-y plane; 
3) the entire theoretical curves lay above the experimental ones; 
4) the post-critical tails of the curves for the concentrically 
loaded columns were much steeper than those for the 
eccentrically loaded columns; and 
5) for the eccentrically loaded members, the post-buckling tail 
residual loads tended to almost the same value for large 
deformations. In contrast the post-buckling curve of the 
concentrically loaded member did not converge to the same value. 
It was observed that the buckling failure of the centrally loaded 
columns occurred suddenly and dynamically with a loud "bang". There 
was no measurable time difference between the maximum load and the 
next lower equilibrium state. The column then recovered gradually 
from the transient dynamic effects before tracing a smooth 
post-buckling curve. Whereas the centrally loaded columns failed by 
buckling about their weak (y-y) axes, the eccentrically loaded 
members bent about the strong (x-x) axes. 
3.3.5 Discussion of the results 
Tensile tests 
The tensile stress-strain curves were determined using a unit 
stress obtained by dividing the load by the original 
cross-sectional area of the specimen, and the strain was obtained 
as the elongation divided by the original gauge length. Such curves 
are known as engineering stress-strain curves and rise to a maximum 
stress level (tensile strength) and then fall off with increasing 
strain until they terminate as the specimen breaks. As far as the 
material itself is concerned the unit stress continues to rise 
until failure occurs. The so-called true-stress/true-strain curve 
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is obtained by using the actual cross section even after necking 
down begins and using the instantaneous incremental strain. The 
engineering stress-strain curve permits the practical use of the 
curve to accurately determine the maximum load that can be carried 
(ultimate tensile strength). It should be noted that the elongation 
used in computing the strain was the overall separation of the 
testing machine cross-heads as recorded by. the LVDT transducer (see 
Section 3.3.2). This may appear surprising but the British 
Standards specification BS 18 (1971) permits it, presumably because 
the difference between the elongation of the gauge length Lo and 
the total length Lt of the specimen is negligible for a 
well-proportioned test piece. The determination of the strain in 
this manner was particularly useful in the experiments since the 
R. D. P snap-on dual electronic Extensometer type DHE 25/50 had a 
measuring range of only ±1 mm, not sufficient' for the entire range 
of the experiment. On the other hand the R. D. P. LVDT transducer 
type D5/2000 was capable of lengths of ±50 mm. The stress-strain 
graphs obtained using strains measured with the extensometer were 
practically identical to those obtained using the strains measured 
with the LVDT transducer over the range of the extensometer. 
The straight portion of the stress-strain relationship 
represents elastic behaviour of the specimen in which the specimen 
recovers its original size and shape along the same path if the 
load is removed. The Young's modulus value E= 207054 N/mm2 
obtained from the experiments is in good agreement with the value 
of 205000 N/mm2 used in most design specifications for structural 
steel. The yield stress, ar, of the material has been taken as the 
well-defined deviation from the elastic range. This was also 
referred to in Section 3.3.4 above as the upper yield stress. Hence 
aY =a= 301 N/mm2. In the initial stages of the , 
tensile test 
u 
programme, when it was thought that this value of yield stress was 
too high for ordinary mild steel, some trial tensile test specimens 
were annealed with the intent to relieving the material of possible 
residual stresses present as a result of the factory rolling and 
fabricating processes. No significant decrease in the yield stress 
value was achieved. Annealing was therefore abandoned and all the 
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tensile test specimens reported were used in the as-bought 
condition. Experience shows that many steel manufacturers allow 
reject grade 50C to be classified and sold as mild steel (BS4360, 
1986). 
The average length of the plastic range of the specimens was 
found to be about thirty times the yield strain. This implies 
strain-hardening commenced at a strain about 31 times the yield 
strain. This compares with the value of 15 to 20 times given in 
Salmon and Johnson (1980). The slope of the strain-hardening 
portion is sometimes called the strain-hardening modulus, Est 
Average values for this modulus and the strain Est at which the 
strain-hardening begins have been determined for at least two 
American steels as: A36 steel, Est = 6200 N/mm2 at Est = 1.4 %; and 
A441 steel, Est = 4800 N/mm2 at 2.1 % (Salmon and Johnson, 1980). 
General use of the strain-hardening range is not made in design, 
but certain of the buckling limitations are conservatively derived 
to preclude buckling even at strains well beyond onset of 
strain-hardening. However in the non-linear collapse analyses 
described in Chapter 4 the strength increase in the 
strain-hardening region was taken into account. There the slope of 
the strain-hardening section is approximated by dividing the 
difference between the tensile strength alt and yield stress ar by 
the difference between the strain eUlt at the ultimate strength and 
the strain Est at the end of the plastic plateau. That is, 
Est = 
Galt _ F' 
= 85.9 N/mm2 
alt st 
In the United Kingdom structural steels are produced in three 
grades designated by the British Standards specification BS 4360 
(1986) as grades 43,50 and 55, where the numbers are the minimum 
tensile strength in hectobars. A grade 43 steel, for example, has a 
minimum tensile strength of 430 N/mm2. The steels in each grade are 
further classified according to the ability to resist impact as 
measured by the Charpy impact test. This classification is shown by 
the letters A, B, C, D and E in ascending order of impact 
Page 148 
resistance. From a consideration of the tensile strength of 410 
N/mm2 obtained the steel material used in the current experiments 
would be categorised as grade 43. The supplier of the material 
quoted it merely as mild steel. 
Compressive tests 
The graphs of axial load against axial displacements obtained 
from the experiments are presented in Figures (3.16) to (3.25) 
together with theoretical curves derived derived from Equations 
(2.40) to (2.42). In all the tests the attainment of maximum load 
was followed by load shedding as the member buckled either about 
the weak y-y axis or the strong x-x axis, depending, respectively, 
on whether it was concentrically or eccentrically loaded. 
The buckling of the centrally loaded members occurred suddenly 
with a loud "bang". The suddenness of failure meant that the time 
difference between the attainment of the maximum load and the next 
lower equilibrium state was negligible. In the experimental curves 
of Figures (3.16) to (3.25) this phenomenon is shown as a steep, 
almost vertical, straight line just following the peak. In physical 
terms this portion of the graph is a "gap" and mathematically 
undefined. Such brittle failure is a common phenomenon in 
concentrically loaded columns at slenderness ratio equal to, or 
greater than, the transition slenderness ratio. In addition the 
post-buckling curves were very steep, implying a rapid reduction in 
strength. In certain types of space structures brittle failure of a 
member or members locally in one part of the structure can 
precipitate global failure in the entire structure through a 
"domino" effect (Supple and Collins, 1980). 
When an eccentricity was introduced into the applied loading, 
not only was the failure of the member more gentle at the maximum 
load, but the loss of strength of the buckled member was also more 
gradual. The greater the amount of eccentricity the flatter the 
curve was. There was, however, a corresponding decrease in the 
maximum load supported by the column. This ductile behaviour 
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exhibited by isolated eccentric columns should be reflected in the 
behaviour of space structures when eccentric members are 
judiciously incorporated into the structure. Although in the 
experiments the tee-section loaded in the plane of symmetry was 
used, similar results have been obtained by investigators using 
different structural shapes (Schmidt et al 1977, Jezek 1937). 
The shapes of the theoretical curves derived from relationships 
(2.40) to (2.42) based on Jezek's concepts were in good agreement 
with those of the experimental curves. The difference between the 
experimental and theoretical loads could be explained on the 
grounds that the geometrical and material imperfections in the 
members were probably underestimated. The fact that the 
post-buckling loads for the eccentrically loaded columns tended to 
almost the same value with increasing deformation shows that the 
effects of eccentricity became less important at large 
deformations. The comparison between the behaviour of the 
concentrically and eccentrically loaded tee-section columns tested 
in the current study must take into consideration the fact that the 
failure modes in the two cases were different. While the 
concentrically loaded members buckled about the weak (y-y) axis, 
the eccentrically loaded members buckled about the strong (x-x) 
axis. This explains why, for a given length, the post-buckling 
curve of the concentrically loaded member did not tend to the same 
value as the curves of the eccentrically loaded members. 
From Table 3.4, which gives the maximum loads supported by the 
columns, it can be shown that the theoretical loads exceed the 
experimental loads by an average of 33.5% with a standard deviation 
of 10.9% for the 630 mm-long column specimens; for the 780 mm-long 
column specimens the values are 46.3% and 19.5% respectively. If 
the centrally loaded columns are excluded from the computations the 
values for the 630 mm-long columns remain virtually unchanged at 
33.6% (mean) and 10.5% (standard deviation) while those for the 780 
mm-long columns drop to 38.4% (mean) and 13.0% (standard 
deviation). It was explained at the end of Chapter 2 on Page 101 
that Equations (2.40) to (2.42) on which the theoretical load-axial 
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deformation curves are based are very complex expressions yielding 
as many as three values of average stress ao for some values of 
central lateral deflection ym. The analyst has to decide which set 
of values forms the required aö ym curve consistent with Table 2.1 
and Figure (2.6). Figure (3.29) shows the possible graphs that can 
be obtained from Equations (2.40) to (2.42) for the 780 mm-long 
centrally loaded tee-section column. The analytical graph 
consistent with Table 2.1 and Figure (2.6) is graph (a). By 
comparing this graph with those obtained from the experiments it is 
immediately apparent that agreement between theory and experiment 
is not satisfactory inspite of the fact that the failure mode in 
the experiments was as predicted. It is, however, interesting to 
note that graph (b) is similar in form to the graphs in Figure 
(1.13) obtained by Paris's method described in Chapter 1, where the 
maximum load is equal to the yield load and is independent of 
column length. This graph is however more consistent with the 
experimental results and has, for this reason alone, been adopted 
as a better theoretical representation of the behaviour of 
concentrically loaded pin-ended short and medium length columns of 
the tee-section under study. 
The imperfections in columns may be identified as present either 
in the geometry or material of the column. Geometrical 
imperfections include initial crookedness (that is, bow, twist, 
etc. ) and unintentional eccentricity of loading. Material 
imperfections consist of residual stresses and lack of homogeneity 
in the material. As was mentioned in Chapter 1, the effect of 
column imperfections is to reduce the load-carrying capacity of the 
member. In addition, residual stresses cause scatter in the 
observed column strength. This is because differing residual stress 
patterns can occur in different column specimens, even of the same 
parent bar. These residual stresses cause variations in the load at 
the onset of yielding and cause variations in the amount of column 
bending and twisting which, in turn, affects the column strength. 
Table 3.3 shows that the initial geometrical distortions in the C4, 
C5 and C6 column specimens were generally more pronounced than 
those in the Cl, C2 and C3 column specimens. For the eccentrically 
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loaded columns the magnitudes of the initial displacements of the 
centroidal axis in the y-y plane, ranging from -3.8% to +2.1% of 
the eccentricity, were negligibly small in comparison with the 
applied eccentricities of loading. The behaviour of the 
concentrically loaded column test specimens shows that the initial 
out-of-straightness of the centroidal axis in the y-y plane was 
also negligible. If the initial displacement in the y-y plane had 
been significant in the concentrically loaded columns the mode of 
failure would have been different; instead of failing brittlely by 
buckling about the weak (y-y) axis, the columns would, like those 
loaded with an eccentricity in the y-y plane, have failed by gently 
buckling in the y-y plane. In view of the foregoing discussion no 
allowance for geometrical imperfections was made in deriving the 
theoretical curves in Figures (3.16) to (3.25). 
Columns may have different end conditions ranging, 
theoretically, from full translational and rotational restraint 
(fixed) to zero rotatinal restraint (pinned). The pinned-end 
condition was used in the column tests in the current studies. Most 
investigators have used the pinned-end condition for column testing 
for the following reasons (Johnston, 1976): 
1) Under the pinned-end condition the critical cross-section is 
located near the mid-height of the column, thus making the 
cross-section of interest remote from the boundary and, 
therefore, little influenced by end effects; 
2) For the same effective slenderness ratio, the pinned-end 
condition requires the use of only half the column length used 
for fixed-end condition; and 
3) In testing columns under the fixed-end condition, the full 
restraint may not be provided in the entire range of the test 
loads; thus the effective length of the column is not a constant 
but a function of the applied load. One of the reasons for this 
is that the rigidity of the testing machine varies with the 
applied load. To eliminate this problem pinned-end conditions 
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are used because the critical condition exists at about the 
mid-height cross-section. 
One other reason why pinned-end conditions were used in the 
current study was the practical difficulty involved in trying to 
design a simple fixed-end fixture that could allow eccentric loads 
in a column member subjected to displacement-controlled straining 
in the SATEC 120CG testing machine. Some of the schemes that have 
been used by investigators to provide the pinned-end condition are 
given in Johnston (1976). Although the fact that the degree of 
fixity at the column ends in practice lies between pinned and full 
restraint should give rise to higher loads than for pin-ended 
columns, this effect was more than offset by the other column 
imperfections described above, leading to much lower experimental 
than theoretical loads. 
The graphical results of applied load versus central twist 
presented in Figures (3.27) and (3.28) show that torsional effects 
became increasingly important with increasing eccentricity of 
loading. In general, however, for reasonably large deformations of 
the columns central twist was 
results obtained in Chapter 
tee-section under study 
post-buckling analysis 
loss of accuracy. 
could 
small. This is in agreement with the 
2 where it is shown that the 
is torsionally very strong. Hence 
ignore torsion without any significant 
In most contemporary design practices space truss members are 
never permitted to carry loads beyond a fraction of the elastic 
limit or the critical buckling load. The trend, however, seems to 
be that in future the full load-carrying potential of both tension 
and compression members will be exploited in design. This limit 
state design has become accepted in such constructional forms as 
steel frames and reinforced concrete. The current study is a small 
contribution on the understanding of the behaviour of tee-section 
columns when they are loaded singly and also when they form part of 
a space frame. 
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Figure (3.29) Comparison of two possible theoretical load-axial 
deformation curves obtained from Equations (2.40) to (2.42) with an 
experimental graph for a 780 mm-long concentrically loaded 
tee-section column. 
"There is a need for powerful inelastic constitutive concepts which 
are computationally efficient. On one hand,.. finite element 
development has reached a stage where large deformation motions can 
be traced 
hand, the 
even in small strain regimes.. . On the theoretical 
resort to thermodynamic guidelines for inelastic 
even in complex engineering structures. On the other 
inelastic response behaviour of real materials is not 
fully understood 
side we 
constitutive 
application. 
can 
behaviour. 
On the 
However, they are too general for direct 
experimental side we are confronted with 
numerous response functions which are further distorted by the 
interpretation of the experimentalist. As a consequence, the 
synthesis of constitutive models furnishes either too general 
statements without relevance to the analysis ' of actual engineering 
structures, or it is so specific that the range of application is 
actually confined to the scope of the laboratory test conditions. " 
- Argyris et al (1977), p. 391. 
4 CHAPTER 
NON-LOWEAR COLLAPSE ANALYSIS OF DOUBLE-LAVER SPACE TRUSSES 
4.1 Introduction 
Having established that eccentrically loaded column members 
behave in a more ductile manner than concentric ones, it is 
necessary to investigate how this behaviour affects the overall 
performance of the structure in which such members are used. A 
non-linear analysis FORTRAN 77 computer program COLAPS was written 
for the theoretical analysis of a double-layer grid loaded to 
collapse. The program was implemented on the University of Surrey 
PRIME computer. The collapse of the structure is in fact 
progressive, consisting of the successive collapse of the component 
members as the external load is gradually incremented. It is to be 
noted, as pointed out in Chapters 2 and 3, that the load supported 
by a compression member begins to fall after attainment of the 
maximum value. It is thus pointless to increase the load on such a 
member. Instead the member is allowed to "unload" inelastically 
along the post-buckling path as the compressive strain is 
increased. This is the basis of displacement-controlled mechanical 
testing in which the specimen is deformed and a load applied that 
equilibrates with the deformed configuration. This is made possible 
by the "ability" of the machine to measure the resistance exerted 
by the element on the cross-heads while holding the element in a 
given configuration. Although it may be rightly argued - that such an 
"unloading" characteristic has no semblance to real life loading of 
a structure where the load increases regardless of the capacity of 
the structure, it nevertheless shows not only the structure's 
collapse pattern but also its load-carrying potential for different 
displacement configurations. 
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4.2 Current methods of collapse analysis 
4.2.1 Basic principles of the stiffness method 
The finite element stiffness method is normally used in the 
analysis of structural systems. The method is well described by 
Livesley (1975) and may be summarised as follows: 
1) Break down the structure into simple geometric finite elements 
with displacement compatibility and stress continuity at nodes. 
2) From the stress-strain relationships of the element material, 
derive equations between nodal loads and nodal displacements for 
each element. 
3) Derive nodal compatibility equations by equating the appropriate 
nodal displacements of those elements which share a common node. 
4) Derive nodal equilibrium equations by equating, at each node, 
the external load with the sum of the "internal" nodal loads 
acting on the elements which meet there. 
5) Apply the condition necessary to keep the structure in overall 
equilibrium. 
Conditions (2) to (5) generate a system of simultaneous 
equations that can be solved by any appropriate method to give 
nodal displacements and forces. With the assumptions of elementary 
bending theory, viz., (i) All displacements are small compared with 
the dimensions of the elements; (ii) Plane sections remain plane; 
(iii) Direct stresses normal to the centre-line of the element are 
ignored; and (iv) Shear strains are ignored, the deformation of a 
line element is completely defined by the displacement of its 
centre-line. Since a line element has two nodes, i and j, the full 
nodal load-displacement equations are: 
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Plj = K11. dý + K12"d. i 
P. =K . d.. +K . d.. ji 21 ij 2a ,i 
... (4.1) 
where K11, K12, K 1, and 
K22 are member stiffness sub-matrices 
whose orders depend on the dimensions of the internal load vectors 
P.. and P.., and the node displacement vectors d.. and d... The 
Ii ji Ii ji 
above representations in the global coordinate system are: 
P'. = T_. K__. TT. d'_ + T_. K__. TT. d'. 1 ij 0 11 0 ij 0 12 0 ji 
=TK TT. d'.. + TX . TT. d' ji 0 21* 0 iý 0 22 0ji 
P' =TK TT. d'.. + TX TT. d'. .. ýi 0 21* 0 iý 0 22 0 Jl 
... (4.2) 
where Pik, Phi, d'. and d'. are column vectors representing P.., 
etc., relative to the global coordinate system; T0 is the member 
transformation matrix, and e is its transpose. 
The conditions of compatibility at a joint require that all the 
member ends connected to it have the same components of 
displacement. Equations (4.2) may thus be written as: 
Pi = To. K11.4. di + Ta. K12. To. d' 1 
Pý = ö. K 1. 
To. di + To. K22. To. dý ... 
(4.3) 
where d' and d' are column vectors defining the displacements of 
joints .i and j relative to the structure's global coordinate 
system. 
The conditions of equilibrium at a joint require that: 
P' = W' ... (4.4) ii 
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where the summation extends over all member ends connected to joint 
i; W' is the external load vector for joint i in global 
coordinates. 
Using the relations (4.3) and (4.4) the structure's primary 
stiffness matrix may be formed which relates the displacements of 
the joints of the structure to components of external load applied 
at the joints and components of reaction at constrained joints. The 
resulting relation can be symbolised as: 
K. d=w ... (4.5) 
where: 
K= primary stiffness matrix for the structure; 
d= displacement vector for the structure; and 
w= appended load vector for the structure. 
Modifying the system K. d =w to take into account support 
conditions results in a complete expression of all the conditions 
of equilibrium and compatibility throughout the structure. The new 
relationship is: 
K. d =w... (4.6) 
where K is the stiffness matrix of the structure and w is the load 
vector of the structure. 
The system of simultaneous equations represented by expression 
(4.6) can be solved for the nodal displacements and the member 
forces by any appropriate method. The support reactions are 
evaluated by considering equilibrium of forces at the constrained 
joints. 
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In a space truss element, three forces and three displacement 
components exist at each node; hence the order of the stiffness 
matrix for the member will be 6x6. It can be demonstrated (Martin, 
1966) that for the space truss member shown in Figure (4.1): 
T= 
T-°--! 
-- T 0 
To = 
K11 
K'. 
,j 
0 To 
xx' 
Cyx' Czx'1 
C 
xy. 
Cyy, 
Czz' 
CZv' I 
C 
ZI 
Czz. 
=K22=-K12=-KI 
100 ý0 00 
001 
100 -1 0 00000 
EA 00000 
-T-1 0010 
00000 
00000 
K'. 
1J 1J 
aa ba ca 
ab bb cb 
ac bc cc 
=ää--=bci=cä 
-ab -bb -cb 
-ac -bc -cc 
0 
0 
0 
0 
0 
0 
-aa -ba -ca' 
-ab -bb -cb 
-ac -bc -cc Qä-SQ--_cä 
ab bb cb 
ac bc cc 
where a= Cxx,, b= Crr,, C= CZZ,, are the direction cosines of 
the member with respect to the global axes; E= Young's modulus; A 
= cross section area; and I= length of the element. 
The Kl. submatrices for all the members are merged by 
superposition to form the overall primary stiffness matrix K. 
Imposition of restraint conditions on K produces the structure 
stiffness matrix K. If any of the constrained joints are 
non-conformable, i. e. the joint coordinate system does not 
correspond with the global system, a further linear transformation 
is required (Nooshin, 1966). 
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m-y-z = Global coordinate axes 
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A- Cross section area of element 
E= Young's modulus 
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Figure (4.1) Truss element ij in a 3-D Cartesian space. The orientation 
of the axes follows a right-hand screw rule. 
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4.2.2 Assumptions about the geometry of the structure 
A space truss may be considered as a collection of pin-connected 
two-node straight members. Such a system belongs to a particular 
class of structures in the field of finite element analysis in that 
the idealisation of the structure into elements is coincident with 
the members of the structure. Although common sense would suggest 
that the jointing systems usually employed in steel truss 
constructions are anything but pinned, practical experience shows 
that measured forces and displacements compare favourably with 
those obtained in analytical procedures that assume pinned joints 
(Butterworth, 1981). This assumption results in greatly reduced 
complexity of the problem because a smaller number of the degrees 
of freedom are involved. 
Elastic analysis is based on small-displacement elastic theory 
where the strains are assumed to be proportional to stresses, and 
the displacements consequently are proportional to loads. The 
predicted stresses and displacements under working loads are 
accurate enough for design purposes. The assumptions and 
approximations of elastic small-displacement theory lead to the 
problems of solving a set of linear equations. However, under 
severe loading conditions, real structural behaviour is highly 
non-linear due to the combined action of geometrical and physical 
non-linearities. On the one side, finite deformations in 
structure introduce non-linear 
side, physical non-linearities 
in small strain regimes, 
particularly important role. 
geometric effects. On 
a stressed 
the other 
arise in structural materials even 
whereby inelastic phenomena play a 
In these cases the efficient numerical 
solution of non-linear problems 
constitutive modeling including 
element idealisation of the 
problem. The solution of the 
be achieved directly but is 
depends on the interaction between 
material testing 
underlying initial 
non-linear equations 
accomplished using 
and the finite 
boundary value 
normally cannot 
some kind of 
linearisation process. In theory the solution involves developing 
incremental equations of static compatibility in discrete form, 
whereby the reference configuration is continuously updated. In 
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effect the non-linear problem is solved in steps. The behaviour of 
the structure within the step is described by an incremental theory 
which has to account also for the influence - of the variables at the 
beginning of the step. In a collapse analysis member behaviour is 
generally non-linear. With suitable assumptions a non-linear 
problem can be reduced to a complex problem of maximising or 
minimising a linear function of a set of variables subject to a set 
of linear constraints. This then becomes a linear programming 
problem. The analysis programs normally used for such a problem may 
be divided into two categories: 
1) Those based on the "Initial Stress" or "Residual Stress" method 
(Zienkiewicz et al 1968). In this technique an initial linear 
response is assumed and the solution at any point of interest is 
obtained by minimising the difference (or "residue") between the 
true stress and the assumed linear stress. 
2) Those based on the "Dual Load" method (Schmidt and Gregg, 1980) 
in which the non-linear member behaviour is modeled by a series 
of discontinuous linear approximations. The more the number of 
linear approximations, the more representative the solution is. 
The number of linear approximations adopted is governed by the 
requirements of computer time and capacity available to the 
user, and the degree of accuracy sought. The manner in which the 
demarcation of the non-linear path into a series of linear 
segments is effected is highly subjective but generally will 
depend on whether a conservative or non-conservative estimate is 
preferred. Figure (4.2) shows the linearisations adopted by some 
of the previous investigators (Lin 1950, Supple 1968, Cogan 
1975, Schmidt et al 1977, Collins 1981, Marsh 1983, Madi 1984, 
Parke 1988). 
The relative merits of the two methods have been discussed by Parke 
(1988). However, the modified version of the Dual Load method 
suggested by Supple and Collins (1981) seems to have found much 
favour among researchers. Whatever programming approach is 
preferred, the members which are left with no more reserve strength 
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Figure (4.2) Linear idealisations of the constitutive tensile and 
compressive- relationships of pin-ended members assumed by different 
investigators. 
* 
Parke (1988) used five segments for the compression curve. 
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will be either "removed" and the structure reconstituted with fewer 
members, or "retained" and their behaviour revised in accordance 
with their assumed load-deflection characteristics. The Supple and 
Collins approach was adopted in the current study with all the 
members of the structure "retained" throughout the analysis. 
As already mentioned, elastic analysis is based on the 
assumption that the displacements produced by working loads are 
small compared with the dimensions of the element. This means that 
in constructing the element equilibrium equations, the element 
stiffness submatrices are always derived by considering the 
geometry of the unloaded element, rather than the geometry of the 
deformed element in its true equilibrium state. Similarly when the 
change is made from element local coordinates to the structure 
global coordinates it is assumed that the orientation of the 
element coordinate axes with respect to the global axes is 
independent of deformations, so that each transformation matrix is 
constant and depends only on the initial undistorted geometry. The 
assembly of the stiffness matrix for a complete structure from the 
individual element stiffness submatrices involves no further 
approximations and is "exact" only in that sense. 
In a collapse analysis, the loading of the structure will 
generally have a significant effect on the element geometry. 
Therefore in the equilibrium Equations (4.3) the element stiffness 
submatrices K11, K12, K21 and K22 must be computed from the 
geometry of the element when it is actually carrying the loads P. 
and P.. The submatrices then become functions of the nodal 
displacements d. and d. The equations for the complete structure 
are assembled following the same procedure as in the linear case, 
but the stiffness matrix K is now a function of the nodal 
displacements. Since these displacements are initially unknown the 
solution of the stiffness equations can only be obtained by an 
iterative procedure, such as the modified Newton-Raphson method 
(Livesley, 1975). The analysis begins by assuming an arbitrary set 
of deformations (say zeros), and then deriving the element 
stiffness submatrices by ordinary linear small-displacement 
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analysis from which the structure stiffness matrix is formed. The 
system of linear simultaneous equations thus derived is solved for 
nodal displacements and the element force resultants. The process 
is repeated using a revised geometry of the elements to take into 
account the new deformations until a sufficient degree of 
convergence is achieved. Convergence is determined by observing the 
fluctuations either in the displacements or the forces, and 
remembering that random fluctuations are bound to occur in 
successive solutions due to rounding errors in the computations so 
that "exact" mathematical convergence will never be achieved. 
The above iterative procedure may not converge if the starting 
point is too far away from the solution. Computational hazards 
would also arise if there were a discontinuity in the loading path 
of an element. A good solution can be obtained by considering each 
collapse cycle (described in Step 6 of Section 4.3 below) as a 
small-displacement linear problem amenable to all the assumptions 
of such a problem. The element force resultants are computed on the 
basis of the geometry at the beginning of the cycle. The geometry 
is adjusted at the end of the cycle. Clearly the accuracy of the 
solution is improved by using more linear approximations to model 
the element loading path. The following paragraphs describe the 
idealisations of the constitutive relationships adopted in the 
current study for pin-ended members. 
4.2.3 Tensile path idealisation 
A typical tensile stress-strain characteristic of the steel from 
which the members of the space truss models described in Chapter 5 
were fabricated is shown in Figure (4.3a). It consists of a steep 
straight line OA. This represents the elastic behaviour of the 
specimen, that is, the specimen recovers its original size and 
shape along the same path if the load is removed within this 
region. At point A the element begins to yield and this process 
continues at more or less constant load until point B. This is the 
plastic region and the length of the plateau is equal to a 
permanent, irrecoverable strain in the element. At point B the 
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Figure (4.3) Experimental and idealised stress-strain relationships for 
the steel material used in the current studies. 
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element begins to take on more load but at a decreasing rate. This 
phenomenon is called strain-hardening and represents a mixture of 
elastic and plastic deformation. At point C the element will 
support its maximum load and thereafter will rapidly "neck" until 
it ruptures at point D. 
In plastic design the above behaviour is idealised to a perfect 
linear elastic behaviour OA followed by a perfect plastic plateau 
AB extended possibly up to the rupture strain (Figure (4.3b)). No 
advantage is taken of the stiffness gained during strain-hardening. 
In the present study the tensile curve was approximated to three 
straight lines as follows: 
OA- perfect elastic up to yield point; gradient equal to Young's 
modulus, E= 207054 N/mm2; 
AB- perfect plastic at yield point; gradient equal to zero; length 
of plateau taken as 30 times the yield strain; and 
BC- elastic-plastic strain-hardening up to maximum tensile stress; 
slope of the line BC is found from: 
slope of BC = 
6°1i 
_ 
6r 
Eult EY = 85.9 N/mm2 
where au 1t 
is the ultimate tensile stress, aY is the yield stress, 
and cult and cY are the strains corresponding to atilt and aY, 
respectively. 
The portion CD of the curve, which represents necking and eventual 
rupture, is ignored. In all the above computations, the mean values 
of tensile properties presented in Table 3.4 were used. 
4.2.4 Compressive path idealisation 
Whereas the stress-strain tensile curve is a property of the 
material and independent of the member length or boundary 
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conditions, the behaviour of a compression member, however, is 
dependent, in addition to the material, on its geometry, 
end-conditions and eccentricity of loading. It is hence more 
difficult to determine a general relationship that can be applied 
to take account of these variables for a particular case. If, 
however, it is assumed that the members behave as perfectly 
pin-ended elements, then the relationships (2.40) to (2.42) can be 
used to derive the compression load-displacement curves for the 749 
mm-long members used in the double-layer space trusses. For the 
non-linear analysis the compressive load-deformation curve was 
approximated to four linear segments. To explain how this was 
undertaken consider the illustration in Figure (4.4). The elastic 
modulus line OA is drawn from the origin. Point A is such that a 
line AC drawn parallel to the deformation axis will cut the P-S 
curve at points B and C to enclose two equal areas Al and A2 
between the curve and the straight lines OA and AC, respectively. 
Point F represents the prescribed maximum deformation for the 
column. Point E is found such that lines CE and EF are drawn to 
enclose equal areas A3 and A4 above and below the P-5 curve, 
respectively, with the trailing line segment EF assumed to be 
perfect-plastic, that is parallel to the deformation axis. The line 
DF cuts the curve at point E. OACDF represents the required linear 
approximation to the P-S curve. To determine points A, B, C, D, E 
and Fa combination of numerical integrations and iterative 
solutions of the P-S relationships (2.40) to (2.42) was carried out 
on the computer. Numerical integration was effected using the 
trapezoidal rule. The error margin in the computations was kept to 
a minimum by dividing the area under the curve into several 
thousand strips. Figure (4.5) shows the compressive linear 
idealisations computed for different cases of eccentricity of 
loading. 
Since the post-buckling path is a compressive unloading path 
with increasing strain, the stress-strain relationship slants from 
left -to right. This unstable equilibrium implies negative 
stiffness. If, however, the member were allowed to unload with a 
decrease of strain, then the stiffness would be positive, and this 
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is taken as equal to that of the fundamental or pre-buckle path; 
hence the term "elastic unloading" or "elastic recovery". The 
behaviour of the member along an elastic recovery path is 
reversible. This phenomenon would also be exhibited if a tensile 
specimen were unloaded in the post-yield region A to D of Figure 
(4.3). Figures (4.6) to (4.10) show the idealisations of the full 
constitutive relationships of the 749 mm-long tee-section pin-ended 
members loaded with various end eccentricities. The accompanying 
tables in Figures (4.6) to (4.10) give entries of the load and 
axial deformation ranges over which each of the line segments 
extends. The slopes of the line segments are also computed. 
Compressive loads and deformations are treated as negative while 
tensile loads and deformations are positive. Possible elastic 
recovery lines are also included in the figures. For purposes of 
the computation processes every line segment is assigned a unique 
number called "stiffness state". The three line segments 
representing tensile behaviour are numbered 0,6 and 7; the line 
segments -6 and -7 are the elastic recovery lines from line 
segments 6 and 7, respectively. The four line segments representing 
compressive behaviour are numbered 1 to 4; the elastic recovery 
lines from line segments 2,3 and 4 are numbered -2, -3 and -4, 
respectively. 
It should be noted that the tensile behaviour is modeled on the 
basis of experimental data while the compressive behaviour is based 
on the theoretical Equations (2.40) to (2.42). Elastic recovery is 
never permitted to cross the strain axis. This means that a member 
that failed in compression can only undergo elastic unloading under 
a net compressive axial force. This condition is imposed because 
elastic recovery involving stress reversal can at best be gross 
conjecture, especially for eccentrically-loaded members. A member 
that undergoes elastic recovery up to zero stress reaches stiffness 
state number 5, whereupon it is considered to have exhausted all 
its reserve strength. A member may also reach this state by tensile 
rupture- at the end of state number 7 or compression "squash" at the 
end of state number 4. The relationship between the line segments 
is summarised in the "spider web" diagram shown in Figure (4.11). 
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DeFormation 
Figure (4.4) Method for constructing approximate lines to represent 
a compression load-deformation curve. The series of line segments 
OACEF are drawn in such a way that OA is the elastic modulus line, 
AC and EF are parallel to the deformation axis, and the areas At = 
A2 and A3 = A4. 
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Figure (4.5) Compression curve idealisations used in the non-linear 
collapse analysis program COLAPS. The "exact" curves are based on 
Equations (2.40) to (2.42) for steel of Young's modulus E= 207054 
N/mm2 and yield stress ay = 301 N/mm2, while the approximate 
linearisations are derived using the method illustrated in Figure 
(4.4). 
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5 0.0 4--)- 0.8 *, f ). * 0.0 Compressive 'squash' or tensile rupture 
0 0.0 4--)- 48.2 0.0 H- 1.1 207051.0 Initial tension 
6 18.2 -)" 48.2 1.1 -. 34.3 0.0 Plastic yield of tension member 
7 48.2 -)~ 65.6 34.3 -). 186.7 85.9 Strain-hardening 
-2 -17.5 Fi~ 0.0 +-)- i 207051.0 
-3 _* +_+ 0.0 lj 4--)- 207054.0 Elastic recovery of compression member 
-4 -5.7 F-)- 0.9 dF (--)" 207051.0 
-6 18.2 E-)- 0.0 287051.8 
ft b 
-7 ýF4-} 0.0 ; It E-)"' 207054.0 
er ension mem Elastic recovery o 
t denotes value is determined during the analysis 
Figure (4.7) Linear idealisations for the full constitutive tensile 
and compressive reationships of a 749 mm-long tee-section member 
loaded with an eccentricity e=5 mm. Different scales have been 
used for the tension and compression sides of the axial deformation 
axis. 
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(a) Graphical representation 
7 
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(b) Tabular representation 
40 
Line segment 
Limiting values 
of Force (kN) 
Limiting values 
of deForm'n (mm) 
modulus value 
(N/mm 2) 
Remarks 
1 0.0 f-)--11.3 0.0 f-)- -0.3 207051.0 Initial compression 
2 -11.3 -)- -11.3 -0.3 -'1" -2.1 0.0 
3 -11.3 -)- -5.5 -2.1 -'1"-29.3 -1587.2 Post-buckling of compression member 
4 -5.5 -)- -5.5 -29.3 -)- -59.7 0.0 
5 0.0 E-)- 0.0 fit' +--)- 4- 0.0 Compressive 'squash' or tensile rupture 
0 0.0 f-)- 18.2 0.0 E-)- 1.1 207051.0 Initial tension 
6 18.2 -)- 18.2 1.1 -)- 34.3 0.0 Plastic yield of tension member 
7 18.2 -)- 65.6 31.3 -)-186.7 B5.9 Strain-hardening 
-2 -11.3 +-4- 0.9 t--)-Ii 207051.0 
-3 * (--+ 0.0 $ E--)~it 207051.0 Elastic recovery of compression member 
-1 -5.5 E--)- 0.0 1ýf f---)- 207051.0 
-6 18.2 4-i- 0.0 f---)" 207051.0 
of tension member r El t 
-7 p f-)- 0.0 )i' 207054.0 
y ic recove as 
V denotes value is determined during the analysis 
Figure (4.8) Linear idealisations for the full constitutive tensile 
and compressive relationships of a 749 mm-long tee-section member 
loaded with an eccentricity e= 10 mm. Different scales have been 
used for the tension and compression sides of the axial deformation 
axis. 
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(a) Graphical representation 
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(b) Tabular representation 
40 
Line segment 
Limiting values 
of Force UN) 
Limiting values 
of deForm'n (mm) 
Modulus value 
(N/042) 
Remarks 
1 8.0 E-! "-12.2 0.0 Ei" -0.3 207051.0 Initial compression 
2 -12.2 -)--12.2 -0.3 -7- -2.6 8.0 
3 -12.2 -)- -5.3 -2.6 -'1--32.8 -1075.3 Post-buckling of compression member 
4 -5.3 -! - -5.3 -32.8 -)- -59.7 0.0 
5 0.0 8.0 * 0.0 Compressive 'squash' or tensile rupture 
0 0.0 H" 18.2 0.0 4--)- 1.1 207051.6 Initial tension 
6 48.2 -)" 48.2 1.1 --3.34.3 0.0 Plastic yield of tension member 
7 48.2 -)- 65.6 31.3 -)"188.7 85.9 Strain-hardening 
-2 -12.2 14~ 0.0 >lt E- -V 207051.0 
-3 k'1--)- 8.0 4* yr 207051.0 Elastic recovery of compression member 
-4 -5.3 +-+ 0.0 k H" IC 207051.0 
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ft b E 
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Figure (4.9) Linear idealisations for the full constitutive tensile 
and compressive relationships of a 749 mm-long tee-section member 
loaded with an eccentricity e= 15 mm. Different scales have been 
used for the tension and compression sides of the axial deformation 
axis. 
DIMENSIONS OF THE TEE-SECTION (mm) 
, 
. ý... , 0 
r yr 
fr 
y ý+ 
2s 22 , 0 . 14 
Z 
. 6 
0 
I3.11 
x. --- ----x 
TENSION 
0 : +& ry = 5.44 mm 4 
rx = 7.43 mm 06 -T 
0 != 749 mm 
e= 15 mm 0 3.40 
e 
y5 5 
-4 
4 '_ 1 LEGEND DF GRAPHS 0 
2 fdealised linear 
0 ........... 'Exact' 
-º Reversible behaviour f COMPRESSION - 
Irreversible behaviour 
0 
i0 
_ew _aý _ow _It 
= 
taw . Oak 
Page 176 
(a) Graphical representation 
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Cb) Tabular representation 
40 
Line segment 
Limiting values 
of Force (kN) 
Limiting values 
of deForm'n (mm) 
Modulus value 
(N/mm2) 
Remarks 
1 0.0 +-3- -11.0 0.0 E--3- -0.2 207054.0 Initial compression 
2 -11.0 -5--11.0 -0.2 ---- -2.8 8.0 
3 -11.0 -} -5.2 -2.8 ->~ -34.5 -867.3 Post-buckling of compression member 
4 -5.2 -)- -5.2 -34.5 -- -59.7 0.0 
5 8.0 H" 0.0 7Y4-1~; ft 0.0 Compressive 'squash' or tensile rupture 
0 0.0 E- - 18.2 0.0 E-9- 1.1 207051.0 Initial tension 
6 18.2 -- 48.2 1.1 -)- 34.3 0.0 Plastic yield of tension member 
7 48.2 -i~ 65.6 31.3 -i-186.7 85.9 Strain-hardening 
-2 -11.0 +-4- 0.0 +_+ 207051.0 
-3 k -)- 0.0 E-)- 207054.0 Elastic recovery of compression member 
-4 -5.2 4-/- 0.0 1- 4-} yt 207051.0 
-6 48.2 4-)- 0.0 t+-+ *' 207051.0 
-7 ' E-1- 0.0 k *-4. * 207054.0 
Elastic recovery of tension member 
denotes value is determined during the analysis 
Figure (4.10) Linear idealisations for the full constitutive 
tensile and compressive relationships of a 749 mm-long tee-section 
member loaded with an eccentricity e= 20 mm. Different scales have 
been used for the tension and compression sides of the axial 
deformation axis. 
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TENSION COMPRESSION 
E- S -ý 
LEGEND 
Reversible behaviour 
Irreversible behaviour 
--- -ý Compressive "squash" or tensile rupture 
Figure (4.11) A "spider web" diagram showing the relationship 
between the idealised loading paths of a member. Notice that a 
member reaching state 5 has reached the "bottom line" and cannot 
undergo any further transformation. 
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4.3 The collapse analysis program COLAPS 
A FORTRAN 77 routine called COLAPS has been written for the 
non-linear collapse analysis of pin-connected double-layer space 
trusses. The program in brief runs as follows: 
Step 1 
The following parameters are read in from a data file and stored 
into the computer memory: 
(a) geometrical and material properties of the structural elements; 
(b) the topological interconnection of the elements and the 
position of each node in a three-dimensional Cartesian space; 
(c) positions of the applied nodal loads; 
(d) eccentricity of loading of the elements; 
(e) joint constraints; and 
(f) symmetry of the structure. 
Preparing the mathematical data for the structural configuration 
can be a tedious task fraught with many errors for even a modest 
size double-layer space truss. Formex " algebraic techniques are a 
powerful and accurate method for the fast generation of such data. 
The basic concepts of formex algebra were originally conceived in 
the 1970s by Nooshin (1975) and their application to automated 
structural configuration processing is well documented (Nooshin 
1979, Sanchez Alvarez 1980, Nooshin 1981). The notation and 
terminology that subsequently follow in this section are used 
without explanation, it being assumed that the reader is familiar 
with formex algebra. 
The following set of generic formulations can be used to 
represent, among other structural configurations, 
square-on-offset-square and offset-square-on-square double-layer 
space trusses: 
A1 = i_1 J 
7' in- 
: ---2 
tranid(2i, 2#rosid(2,2): ([1,1,1; 3,1,11, 
[2,2,0; 1,1,1]) 
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A2 =i _2 m-2 _2 
tranid(2i, 2j); rosid(3,3): [2,2,0; 4,2,0] 
A= pex: (El # E) 
B1 = jm proj(2,2j+1); 
[1,1,1] 
B2 = FM proj(2,2j), [2,2,0] 
B3 = i_1 tran(1,2i)'(B1 # B2) 
B =B 3# tran(1,2m). 
B3 
C= dic(ß): A 
The formex A defines the interconnection pattern (or topology) of 
the structure, while B is an array of the node numbers, and C 
defines the node numbering scheme. The number of bays in the first 
and second directions of the larger of the two layers is given by m 
and n, respectively. 
Step2 
The primary stiffness matrix is assembled by superposition of the 
element stiffness submatrices. The structure stiffness matrix is 
derived by imposing the support (and other joint) constraints on 
the primary stiffness matrix. 
Step 3 
The self-weight of the structure (which includes all static 
accessories, such as the loading beams, etc. ) is computed and 
applied at the nodes. The load vector for self-weight is assembled 
and constrained as in step 2 above. 
Step 4 
The system of simultaneous equations obtained is solved for nodal 
displacements, from which the member forces due to self-weight -of 
the structure are computed. These are stored as vectors of total 
nodal displacements and total member forces. 
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Step 5 
Steps 2 to 4 are repeated but with the load vector consisting of 
unit loads applied at the points and in the manner defined in the 
data file. This load vector is hereinafter referred to as the unit 
load vector or ULV for short. The corresponding vectors of nodal 
displacements and member forces will be called unit displacement 
vector (or UDV) and unit force vector (or UFV), respectively. The 
sign of the force in the member determines the initial loading path 
(compression or tension) that the member follows on the structural 
model. 
Step 6 
By linear scaling the least factor is found which needs to be 
applied to the ULV to make any member or members reach limiting 
critical load before a change of stiffness occurs. These members 
and their next stiffness state are stored. The ULV, UDV and UFV are 
multiplied by the load factor to generate the gross values for this 
phase of load increment. These are added on to the vectors of the 
total values. A solution for each array of stiffness states is 
termed a collapse cycle. 
Step 7 
The process of stiffness matrix and ULV assembly and modification 
are repeated with the members that transformed in the previous load 
increment given the appropriate new modulus values. The system is 
again solved for UDV and UFV. However, before Step 6 is implemented 
the following checks must be made: 
(a) Are the signs of the unit forces of all the members which 
changed state in the previous factorisation consistent with the 
members' structural models? If not the ULV, UDV and UFV are 
each multiplied by (-1), that is, their direction is reversed. 
(b) With the above modification, are the remainder of the 
transformed members undergoing strain changes compatible with 
their positions on the loading path? This means that a member 
which failed in tension must still be extending and a member 
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which failed in compression must still be shortening. If not 
then the member must be undergoing an "elastic unloading". 
Therefore, after noting the total value of force at which the 
elastic unloading commences, the modulus value of the member 
should be changed accordingly, a new solution found in the 
usual manner, and another compatibility check carried out. If 
there are n such members, it can be shown that there exist 
(2"-l) possible permutations of modulus values one of which 
should produce the required compatible solution. Each 
permutation involves the assembling, modifying, constraining 
and solving of the stiffness equations until the correct 
combination is arrived at. This process could be very lengthy 
in terms of computer time for even a modest-size structure such 
as the Type 1 double-layer space truss in the present study. At 
this stage some previous investigators (Collins 1981, Parke 
1988) therefore have made the collapse analysis program 
interactive and have used their personal experience to obtain 
the required loading combination. 
It was, however, found out in the current studies that: (i) an 
interactive procedure on a time-sharing system such as the 
University of Surrey PRIME, is only suitable for very small 
structures. The solution of the 200-member 61-node space truss 
studied in this report could be expected to take several hours even 
with very efficient programming. Compare Parke (1988). An 
interactive solution was therefore avoided. Instead an automated 
search for a compatible solution was achieved by a mixture of 
complex FORTRAN 77 programming and data file handling; and (ii) the 
use of symmetry of the structure to reduce computing time was found 
to be very important. The two points are elaborated on in the 
following two paragraphs. 
In the direct Gaussian elimination a greater proportion of the time is spent 
on the "pivoting" and "unpivoting" of the simultaneous equations. The 
importance of pivoting, as explained by Monro (1982), becomes apparent as the 
structure degenerates towards a mechanism and the rounding errors become more 
manifest. 
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An automated search for a structurally consistent solution may 
be achieved in different ways but this student has found the 
following nest of DO-loops helpful for generating the permutations 
for n=N members prone to an elastic recovery: 
DO 20 I=1, N 
DO 20 J=I, N 
DO 10 L=I, J 
for every I and J, the resulting set of L's represents a 
permutation of members that may be allowed to undergo 
elastic recovery 
10 CONTINUE 
the solving and checking is carried out here, with 
conditions to jump out of nest if solution is found 
20 CONTINUE 
The above nested DO-loops generate all the permutations for nom; 
for n=3 six permutations are generated, one is missed; for n=4, ten 
permutations are generated, five are missed; for n=5, fifteen 
permutations are generated, sixteen are missed, etc., as summarised 
in the following table: 
n 2n-1 No. ot permutations generated 
Deficit 
1 1 1 0 
2 3 3 0 
3 7 6 1 
4 15 10 5 
5 31 15 16 
6 63 21 42 
7 127 28 99 
8 255 36 219 
i 2'-1 
n 
i 
n 
2 `-1-E i 
1ý 1 1=1 
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The missed permutations may be generated by swapping the position 
of each member with each of the remaining (n-1) members, and then 
applying the above DO-loop nest to each of the arrays. The nest is 
therefore executed upto a maximum (n2-n+l) times, giving a total of 
n 
(n2-n+l)E i permutations, wherein are covered the required number 
=t 
of (2n-1). Many of the permutations are repeated several times. 
(For n=7, for example, the total number of permutations generated 
is 9.48 times the required number. ) However, there is no need to 
assemble and solve the stiffness equations for those permutations 
which have already been considered. This can be effected by keeping 
each permutation on a file unit, remembering, for example, that all 
the following six permutations contain the same elements and are 
therefore identical: (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), 
(3,2,1). Before any of the above combinations of numbers is 
analysed, a check is made to ensure that no file unit holds the 
three numbers, irrespective of the order in which they are listed 
on the unit; if the unit exists the permutation is skipped. The 
foregoing procedure ensures a possible maximum number of (2n-1) 
permutations are checked automatically without the intervention of 
the operator. 
Symmetry of the behaviour of the structure may be taken 
advantage of by checking in one operation the compatibility of all 
the members with identical behaviour. To illustrate this point, 
consider a case in which two groups, each consisting of eight 
symmetrical members, are to be checked. If symmetry is taken 
advantage of then only (22-1) or 3 possible permutations need be 
considered in the search for the solution; if on the other hand 
symmetry is ignored so that each member is taken independently then 
up to. (216-1) or 65535 permutations may be needed to achieve a 
solution! The inevitable rounding errors that ensue from the 
computational processes will generally mean that even symmetrical 
members or nodes do not have exactly equal forces or displacements. 
This may cause computational problems. To preclude this the small 
differences are "corrected" by averaging the symmetrical forces and 
displacements. 
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The solution of the first few collapse cycles proceeds fast. As 
more elements buckle and yield into the plastic region, the problem 
becomes more complex and elastic recovery ever so more likely with 
the onerous consequence that Step 7 will determine the speed of the 
computational process. But as the number of members reaching 
complete failure (stiffness state 5) begins to rise, the solution 
again proceeds faster. Step 7 is rightly referred to as the "crux" 
of a collapse analysis program (Collins, 1981). 
Step 8 
After a compatible solution has been found, control switches back 
to Step 6. This process of assembling, modifying, constraining and 
solving of the stiffness equations, followed by the search for a 
compatible system and the subsequent linear scaling of the unit 
vectors is repeated until either the stiffness matrix becomes 
singular or a prescribed displacement limit is reached. Because of 
the hyperstatic nature of space trusses, it is likely that the 
prescribed displacement will be achieved long before the structure 
stiffness matrix becomes singular. A singular stiffness matrix is 
indicative of a structural mechanism (Martin, 1960). Figure (4.12) 
shows the flow chart for the non-linear collapse analysis program 
COLAPS. 
4.4 The structures analysed 
Two types of double-layer space trusses were studied: 
1) Square-on-offset-square double-layer space truss (Figure 
(4.13)). This will be referred to as Type 1 double-layer space 
truss. Its geometric dimensions are: 
" 0.749 m member length 
" 0.52962 m depth 
" 5x5 top layer bays @0.749 m=3.745 m square 
" 4x4 bottom layer bays @0.749 m=2.996 m square 
2) Offset-square-on-square double-layer space truss (Figure 
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(4.14)). This will be referred to as Type 2 double-layer space 
truss. Its geometric dimensions are: 
" 0.749 m member length 
" 0.52962 m depth 
" 1x1 top layer bays @0.749 m=0.749 m square 
" 2x2 bottom layer bays @0.749 m=1.498 m square 
The configuration for Type 1 double-layer space truss shown in 
Figure (4.13) was generated by computing the formices on Pages 178 
and 179 with m=n=5; the nodes and length of members in metres 
were obtained for basifactors of 0.3745,0.3745 and 0.52962 in the 
x-, y-, and z-axes of the Cartesian space, respectively. This gave 
the top and bottom layer members and the diagonal bracings a length 
of 0.749 m. The configuration for Type 2 double-layer space truss, 
represented in Figure (4.14), on the other hand, was generated by 
using m=n=2 and basifactors of 0.3745,0.3745 and -0.52962 in 
the x-, y-, and z-axes, again giving member lengths of 0.749 m. It 
is seen that the effect of the minus sign in front of the 
basifactor for the z-direction was to invert a 
square-on-offset-square double-layer space truss into an 
offset-square-on-square double-layer space truss. The resulting 
node and member numbering schemes for the two configurations are as 
shown in Figures (4.15) and (4.16), respectively. 
Type 1 double-layer space truss is loaded at the four nodes 25, 
26,36 and 37, all point loads equal and acting vertically 
downwards (Figure (4.15)). Type 2 double-layer space truss is 
loaded at each of the four nodes 4,5,9, and 10, again with equal 
point loads acting vertically downwards (Figure (4.16)). Type 1 
double-layer space truss is supported at the four bottom layer 
corner nodes 7,11,51, and 55 (Figure (4.15)). The Type 2 
double-layer space truss is similarly supported at the four bottom 
layer nodes 1,3,12, and 13 (Figure (4.16)). The support 
restraints are summarised in Table 4.1. In the analysis the 
eccentricity in all the members in the top layer is varied, while 
the rest of the members are always concentrically loaded. This is 
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aimed at ascertaining the effect on the structure of eccentric 
top-layer members. 
4.5 Results of the analysis 
Figures (4.17) and (4.18) show the linear elastic forces and 
deflections in the space trusses when unit loads are applied on the 
structures at the four points indicated. The figures show that, 
for the given loading and support conditions, the forces in the 
top-layer members are either zero or compressive; the forces in the 
bottom-layer members are either zero or tensile; the diagonal 
bracings have a mixture of tensile, compressive and zero-stressed 
members. 
Figures (4.19) to (4.28) are plots of the total four point 
symmetrical load versus the vertical displacements of some selected 
nodes of the space trusses analysed for different eccentricities in 
the top-layer members. The eccentricity of the tee-section has been 
assumed to be measured in the plane of symmetry from the centroid 
towards the tip of the web. On each graph in Figures (4.19) to 
(4.28) are marked, in alphabetical order, points representing the 
completion of a collapse cycle. The graphs extend to the point when 
the structure becomes unstable or the maximum vertical deflection 
(of node 31 in Type 1 and node 7 in Type 2 double-layer space 
trusses) is 20 mm, whichever occurs first during the computer 
analysis. The tables accompanying the figures give the nature of 
the collape cycle and the members affected, that is, members that 
have changed from one stiffness state to another during the 
collapse cycle. In Figure (4.29) the relationships of the total 
four-point load versus the vertical displacement of the central 
node for the five different eccentricities are superimposed on the 
same axes, so that the effect of varying the eccentricity may be 
assessed. 
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(a) Type 1 double-layer space truss 
e=0 (Figure (4.19)) 
When all the members of the structures are concentrically loaded, 
initial collapse is by tensile yield of the bottom-layer members 
177,178,179,187, followed by tensile yield of the bottom-layer 
members 165,168,176,180,185,186,188,189. Thereafter, member 
failure is by compressive buckling of the top-layer members 51,78 
82,84, followed by 17,72,90,113. The graphs peak at this point; 
soon after, the structure becomes unstable and computation is 
stopped. 
e=5,10,15,20 mm (Figures (4.20) to 4.23)) 
When the top-layer members of the structure are subjected to an 
eccentricity, collapse is by compressive buckling of the top-layer 
members 51,78,82,84, followed by 17,72,90,113, followed by 
21,68,96,144. Except for e= 15 mm, the graphs peak at this 
point. The structure then undergoes excessive deflection and 
analysis is stopped at a prescribed maximum vertical deflection of 
20 mm. When e= 15 mm, although the graphs display a local maximum 
at the failure of members 21,68,96,144, there is a further rise 
of applied load with the compressive failure of members 14,28,37, 
65,99,127,138,150, followed by 10,24,41,59,103,107,119, 
121. The computation is, however, stopped at the prescribed maximum 
vertical deflection of 20 mm of node 31. 
(b) Type 2 double-layer space truss 
In the type 2 double-layer space truss collapse always takes place 
when the four top-layer members 29,30,31,32 buckle in 
compression. At this point the structure loses most of its 
stiffness and undergoes large deflections (Figures (4.24) to 
(4.28)). It should be noted that in these figures the graphs for 
node 4 coincide exactly with those for node 2. 
Page 188 
4.6 Discussion 
In discussing the results obtained from the above computer 
analyses it should again be pointed out that the modeling of the 
behaviour of the members of the structures was based on a mixture 
of experimental and analytical predictions for tensile and 
compressive behaviour, respectively. This should be regarded as a 
strong point rather than a shortcoming of the method for two 
reasons. Firstly, the tensile behaviour is best determined by 
experiment, and as long as the elements of the structure are 
fabricated from the same batch of material as is used for the 
standard tensile testing, then prediction of member behaviour is 
accurate within very close confidence limits. The properties of 
steel as a material are so rigidly controlled in the manufacturing 
processes that engineers can expect the members to behave 
reasonably as expected (Kempster, 1964). On the other hand, 
compressive behaviour is not as easily predictable as tensile 
behaviour, less so by experimentation, because the fixity of the 
members and other factors on which compressive behaviour is 
dependent cannot be determined with certainty (see Chapter 1). 
However, basing the analytical procedures on the experience that 
double-layer grids, properly proportioned, behave as pin-connected 
structures, it is permissible to model the compression members as 
pin-ended struts. Any acceptable formulae, such as relationships 
(2.40) to (2.42), can then be used to predict the behaviour of such 
members. 
Figures (4.19) to (4.28), giving the relationships between total 
load and vertical nodal deflections, show that eccentricity in the 
top-layer members has a profound effect not only on the ultimate 
load but also on the collapse pattern of the structure. The point 
of initial collapse (point A) drops drastically when an 
eccentricity is introduced in the top-layer members. For equal 
increments of eccentricity, the drop becomes less pronounced. This 
phenomenon is similar to that displayed by the buckling of singly 
loaded compression members studied in Chapters 2 and 3. It is 
interesting to note that the initial slope of all the graphs for 
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each truss type is the same regardless of the eccentricity value 
(Figure (4.29)). This is because all the theoretical pre-buckling 
stress-strain relationships of single members have been assumed to 
be equal to Young's elastic modulus E= 207054 N/mm2. The initial 
stiffness of the structure is consequently always the same. It may 
also be noted that the graphs in Figures (4.19) to (4.28) are not 
continuous smooth curves but stepped lines. This is because the 
behaviour of the members is approximated to a series of 
discontinuous straight lines to facilitate economical and efficient 
computer analysis. 
In the type 1 double-layer space truss the fall of load carrying 
capacity of the structure for e=0 is much more severe than that 
for cases where e>0. From Figure (4.29a) it is also clear that of 
the eccentricities considered for the top-layer members, 15mm 
offers the best efficiency with respect to collapse behaviour, 
because the stiffness redistribution is such that the structure 
with e= 15mm continues to carry more load when the structures for 
which e=5,10 and 20mm have peaked following the failure of 
members 21,26,96,144. The collapse patterns for the type 1 
trusses clearly demonstrate the following important characteristics 
of highly redundant structures: 
1) The failure of some of the members does not necessarily lead to 
the complete collapse of the structure; the structure may carry 
more load above that which caused first collapse, depending on 
the structural configuration and boundary conditions; and 
2) The introduction of an eccentricity results in a more gradual 
attainment of the ultimate load of the structure, and a more 
gradual falling off of load in the post-ultimate region. This 
property of the structure to resist sudden collapse is called 
ductility. The property is extremely valuable, for instance, 
when one considers the safety of the occupants of a building 
subject to a sudden shock, such as an earthquake. 
Because the type 2 double-layer space truss is not a highly 
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redundant structure, the failure of the top-layer members 29,30, 
31,32 leaves the structure with very little structural stiffness. 
The structure undergoes very large deformations. Hence the 
theoretical post-ultimate characteristics do not offer much useful 
information. 
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Input and store data on: topological interconnection of the 
members; Cartesian node coordinates; geometric and material 
properties of the members; constraint conditions of the joints; 
symmetry of the structure; eccentricity of the members; stiffness 
states and the limiting forces; and applied nodal loads 
Initialise, assemble and constrain stiffness matrix and load 
vector; solve for nodal displacements and member forces for 
self-weight of structure and loading accessories 
nitiat Is e, assemble and constrain stiffness 
matrix and unit load vector 
stiffness matrix singular 
noy 
Y 
STOP 
fSolve for unit nodal displacement vector and unit member 
force vector corresponding to applied unit load vector 
Are the signs of all the forces of 
previously transformed members 
no 
compatible with the structural model? 
Reverse sign of 
the unit load,, 
di splacement an 
force vectors 
yes 
Allow elastic. unloading 
in some of such members 
until a compatible 
permutation is achieved 
Are the strain changes in the 
rest of transformed members 
compatible with the 
structural model ? 
Ye S 
4- 
no 
Use linear scaling to find the least factor which 
must be applied to the load vector to cause the next 
stiffness change in any member or members 
Superimpose forces and displacements 
on the total values 
no 
STOP 
Reassign modulus values for members that have 
changed state; also modify the geometry of the 
of the members and the spatial information to 
take into account large deformations 
Is prescribed maximum 
nodal displacement exceededT yes 
A 
Figure (4.12) Flow chart for the computer program COLAPS used for the 
non-linear collapse analysis of pin-jointed space trusses. 
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Figure (4.13) Schematic representation of Type 1 double-layer space truss. 
Page 193 
749 
'1 
.i. 
i, -.. I . _. .. i.. 
ý 
.'1'. I .'I'. 
.i. i. i. . l. " 
.r 
ý- 
m 
l. ' .. i. _ 
.. i. --ý-" 
-v 
.-i. ý "- 
(a) Plan 
F' 
0 
749 
2X749=149B 
(b) Elevation 
All 
.1 
T 
I 
N 
tD 
0) 
N 
U7 
LEGEND OF NODES 
o Node 
a Loaded node 
ill Support node 
LEGEND OF MEMBERS 
Top 
Bottom 
Diagonal bracing 
ALL DIMENSIONS ARE IN 
MILLIMETRES 
CO Perspective 
,1 
0 
Figure (4.14) Schematic representation of Type 2 double-layer space truss. 
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Figure (4.15) Node and member numbering schemes for Type 1 double-layer 
space truss. 
Page 195 
3 
5 
17 
1'0 
"'ý ýs 
(a) Node numbering 
12 
ý 
ýý ý. ' 
5 
31 
26 
20 
M 
6 
? 
29 
N 
N 
.ý 
Is 
(b) Member numbering 
?s 
13 
12 
II 
LEGEND OF NODES 
o Node 
Loaded node 
Support node 
LEGEND OF MEMBERS 
Top 
Bottom 
Diagonal bracing 
w N 
m 
Figure (4.16) Node and member numbering schemes for Type 2 double-layer 
space truss. 
Page 196 
Table 4.1 Support constraints for the double-layer space trusses. 
(a) Type 1 double-layer space trusses 
Support Rotation 
about all 
Restrained against translation in: 
node axes x-direction y-direction z-direction 
7 yes yes yes yes 
11 yes no yes yes 
51 yes yes no yes 
55 yes no no yes 
(b) Type 2 double-layer space trusses 
Support Rotation 
about all 
Restrained against translation in: 
node axes x-direction y-direction z-direction 
1 yes yes yes yes 
3 yes no yes yes 
11 yes yes no yes 
13 yes no no yes 
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Figure (4.17) Theoretical elastic member forces and vertical nodal 
displacements of the Type 1 double-layer space truss, subjected to 
unit loads at nodes 25,26,36 and 37. Negative forces are 
compressive while negative deflections act downwards. 
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Figure (4.19) Theoretical total load versus nodal displacements of 
the Type 1 double-layer space truss for zero eccentricity in the 
top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Collapse 
cycle 
ending 
at point 
Members undergoing stiffness 
state changes 
From TO 
state; state 
Remarks 
A 177,178,179.187 06 tensile yield 
B 165.168,176,180,185,186,188.189 06 tensile yield 
C 51 ,78,82.84 12 compressive buckling 
D 51 , 78,82,84 23 
46,49,60,106.110,120,123 01 stress reversal 
E 177 , 178,179,187 6 -6 elastic recovery 
165.168,176,180,185,186,188,189 6 -6 elastic recovery 
F 
51.78,82.84 3! -3 elastic recovery 
177,178,179,187 -6 6 
G 17.72.90.113 12 compressive buckling 
H 17.72.90,113 23 
I 165,168.176,180.185.186,188,189 -6 6 
5ßý /.. ý' 
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Figure (4.20) Theoretical total load versus nodal displacements of 
the Type 1 double-layer space truss for eccentricity e=5 mm in 
the top-layer members. The following table is a key to the 
collapse sequence of the structure. 
Collapse 
cycle 
ending 
at point 
Members undergoing stiffness 
state changes 
= 
From To 
statestate 
Remarks 
A 51,78,82,84 1 2 compressive buckling 
B 17,72,90,113 1 2 compressive buckling 
C 11.27,43,62,104,126,137,154 0 1 stress reversal 
D 51,78,82,84 2 3 
E 46.49,60,106,110,120,123 0' 1 stress reversal 
F 
21.68,96,144 1 2 compressive buckling 
17.72,90.113 2 3 
G 21.68,96,144 2 3 
H 17.72,90.113 3 4 
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Figure (4.21) Theoretical total load versus nodal displacements of 
the Type 1 double-layer space truss for eccentricity e= 10 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Collapse 
cycle 
ending 
at point 
Members undergoing stiffness 
state changes 
From TO 
state; state 
Remarks 
A 51 . 78,82.84 1 2 compressive buckling 
B 17 , 72,90,113 1 2 compressive buckling 
C 11 , 27,43,62,104,126,137.154 0 1 stress reversal 
D 21 . 68,96.144 1 2 compressive buckling 
E 17 72,90.113 2 3 
F 51 78,82,94 2 3 
G 46,49,56.60,106,110,120,123 0 1 stress reversal 
H 21,68,96.144 2 3 
I 17.72,90,113 3 4 
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Figure (4.22) Theoretical total load versus nodal displacements of 
the Type 1 double-layer space truss for eccentricity e= 15 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Collapse 
cycle 
ending 
at point 
Members undergoing stiffness 
state changes 
From To 
state state 
Remarks 
A 51,78,82,84 12 compressive buckling 
B 17,72,90,113 12 compressive buckling 
C 11 , 27,43,62,104,126,137,154 01 stress reversal 
D 
21,68,96,144 12 compressive buckling 
. 
17 . 72.90,113 2 -2 elastic recovery 
E 51 , 78,82,84 23 
46,49,56,60,106,110,120,123 01 stress reversal F 121 
. 68,96,144 2 .2 elastic recovery 
G 14,28,37,65,99,127,138,150 12 compressive buckling 
H 13,25,42,64,105,124,142,149 10 stress reversal 
I 10,24,41,59,103,107,119,121 12 compressive buckling 
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Figure (4.23) Theoretical total load versus nodal displacements of 
the Type 1 double-layer space truss for eccentricity e= 20 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Collapse 
cycle 
ending 
at point 
Members undergoing stiffness 
state changes 
From To 
state state 
Remarks 
A 51 . 78.82.84 12 compressive buckling 
B 17.72.90,113 12 compressive buckling 
C 11 . 27,43,62,104.126,137,154 01 stress reversal 
D 21 . 68.96,144 12 compressive buckling 
E 17 , 72.90.113 23 
F 51.78,82.84 23 
G 21.68.96,144 23 
H 17.72,90.113 34 
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Figure (4.24) Theoretical total load versus nodal displacements of 
the Type 2 double-layer space truss for zero eccentricity in the 
top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Col 1 apse 
cyc 1e 
Members undergoing From To 
ending at stiffness state state state 
Remarks 
changes point 
A 29 30 31 32 12 compressive , , , buckling 
further bending 
fo 11 owed by 
B 29,30,31,32 23 excessive 
def lections 
and structural 
ins tability 
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Figure (4.25) Theoretical total load versus nodal displacements of 
the Type 2 double-layer space truss for eccentricity e=5 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Coll apse 
cycle 
Members undergoing From To 
ending at stiffness state state state 
Remarks 
changes poin t 
compressive 
buckling 
fo 11 owed by 
A 29,30,31,32 12 excessive 
def lections 
and structural 
ins tability 
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Figure (4.26) Theoretical total load versus nodal displacements of 
the Type 2 double-layer space truss for eccentricity e= 10 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Coll apse 
cycle 
Members undergoing From To 
ending at stiffness state state state 
Remarks 
changes poin t 
compressive 
buck li ng 
fo 1 lowed by 
A 29,30,31,32 12 excessive 
def lections 
and structural 
ins tability 
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Figure (4.27) Theoretical total load versus nodal displacements of 
the Type 2 double-layer space truss for eccentricity e= 15 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Coll apse 
cycle 
Members undergoing From To 
ending at stiffness state state state 
Remarks 
poin t changes 
compr e ssive 
buckling 
fo 11 owed by 
A 29,30,31,32 12 excessive 
def lections 
and structural 
ins tability 
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Figure (4.28) Theoretical total load versus nodal displacements of 
the Type 1 double-layer space truss for eccentricity e= 20 mm in 
the top-layer members. The following table is a key to the collapse 
sequence of the structure. 
Coll apse 
cycle 
Members undergoing From To = 
ending at stiffness state state state 
Remarks 
point changes 
compr e ssive 
buckling 
fo 11 owed by 
A 29,30,31,32 12 excessive 
def lections 
and structural 
ins tability 
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Figure (4.29) Comparison of the theoretical total load versus nodal 
displacement relationships for different eccentricities in the 
top-layer members of the trusses. The graphs are plotted for nodes 
31 and 7 for Type 1 and Type 2 double-layer space trusses, 
respectively. 
"The experimental testing of model structures cannot by itself 
constitute a basis for the formulation of new or updated design 
methods, but when experimentation is used in conjunction with a 
verified mathematical analysis the concepts can be extended, with 
due caution, to cover the design of a wide range of related 
structures. " - Parke (1988), p. 211. 
CHAPTER 5 
COLLAPSE TESTS OF DOUBLE-LAVER SPACE TRUSSES 
5.1 Introduction 
Just as it was necessary to compare theoretical behaviour of the 
struts with their experimental behaviour, experiments had also to 
be carried out on complete space truss models to compare 
theoretical and experimental behaviour, and to assess the effects 
of eccentricity in the members. This chapter describes the 
construction and testing of one square-on-offset-square (Type 1), 
and six offset-square-on-square (Type 2) double-layer grids made 
from tee-sections of the same batch which were used in the axial 
tests of Chapter 3. In addition solid round bars were incorporated 
in each Type 2 double-layer space truss model to prevent premature 
collapse of the structure following the buckling of the highly 
stressed compressive corner members. The truss construction 
consisted of the fabrication of nodes and members which were joined 
together by welding and bolting forming a rigid structure. 
The nodes were designed to hold the members in such a way that 
an eccentricity could be induced in the plane of symmetry of the 
tee-section member by offsetting the longitudinal axis with respect 
to the line of action of the axial force. The member ends were so 
held to the nodes in order to ensure that the joint connection was 
not only sufficiently strong to resist the anticipated maximum 
joint forces but also so that the lines of action of the axial 
forces in all the members meeting at a node were concurrent without 
offsetting the intended eccentricities in the members. The 
conceptualisation of such a joint was one of the most important 
aspects of the truss model manufacture. The task was also a 
difficult and time-consuming one. For this reason it was thought 
necessary to carry out a series of trial tests to establish the 
suitability and reliability of the joint connections. This would be 
achieved by observing the buckling modes of the members in the 
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model tests and comparing them with the behaviour of the 
compression test members described in Chapter 3. If concentrically 
loaded tee-section members failing in compression buckled about 
their weak axes and the eccentrically loaded tee-section members 
failing in compression buckled in their planes of symmetry, then 
the performance of the joint connections would be taken to be 
satisfactory. 
In the first test all the members of a Type 1 double-layer space 
truss model were joined to the nodes by fillet welding. The weld at 
the member ends was distributed in such a manner as to give all the 
top-layer members a5 millimetre positive eccentricity in the plane 
of symmetry of the tee-section. The rest of the members were 
concentric. The results from this test showed that the eccentric 
members did not behave as expected, but instead exhibited a failure 
mode similar to that of concentric members by buckling about their 
weak axes instead of the strong axes. The most probable explanation 
for this was that the welded members were not in the first place 
subjected to any significant eccentricity of loading in spite of 
the care taken to ensure this during the welding process. These 
results demonstrated one phenomenon of welded joints, that their 
rigidness tends to reduce the effects of joint eccentricities and 
for this reason welding can be used as a reliable method of 
ensuring eccentricity-free connections. 
Having established that welded connections could not reliably be 
used to introduce measurable eccentricity in the members, in the 
subsequent structural models (Type 2 double-layer space trusses) 
the eccentric members of the top layer were "pinned" by use of 
bolted connections on specially designed top-layer nodes. 
Concentric bottom-layer members and the diagonal bracings were, 
however, welded as before. In addition the size of the model was 
reduced from a 200-member 61-node 5x5 panel square-on-offset-square 
(Type 1) to a 32-member 13-node 2x2 panel offset-square-on-square 
(Type 
. 
2) double-layer space truss. Consequently instead of the 25 
members in the top layer of the Type 1 double-layer space truss 
model, there were only 4 in Type 2. Two trial tests on Type 2 truss 
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models were carried out, one with 5 mm eccentricity and the other 
with 10 mm eccentricity in each of the top-layer members. The 
bolted eccentric members of the Type 2 double-layer space truss 
models behaved as expected. In view of the results obtained from 
the tests on the one Type 1 and two Type 2 double-layer space 
trusses, the rest of the testing was carried out on a further four 
Type 2 double-layer space truss models with bolted top-layer 
members for eccentricities of 10,15,15 and 0 mm, in that order. 
The theoretical analyses described in Chapter 4 showed that the 
elastic forces in the top-layer members were either zero or 
compressive while the forces in the bottom-layer members were 
either zero or tensile; the diagonal bracings had an almost equal 
distribution between tensile and compressive members in the Type 1 
double-layer space trusses but were either redundant or in 
compression in the Type 2 double-layer space trusses. It was also 
found out that the highest compressive forces generally occurred in 
the top-layer members. It was decided, on the basis of these 
preliminary studies, that the truss models should consist of 
eccentrically loaded members in the top layer with all the 
bottom-layer members and diagonal bracings kept concentrically 
loaded. This would ensure that in general the top-layer members 
failed first. The constructions were kept as accurate as possible 
by use of a purpose-made rigid jig in which the basic units 
(modules) of each model were progressively assembled to form the 
complete structure. 
5.2 Previous collapse tests 
In a historical note in 1976 Schmidt et al (1976) observed that, 
considering the monetary value of space truss construction around 
the world, remarkably little testing had been reported. Most of the 
testing till then had been almost invariably restricted to the 
elastic range. It is significant that in the past few years a 
growing interest has been shown in the behaviour of space trusses 
not only in the elastic but also in the inelastic range. Schmidt et 
al (1976) and Parke (1988) have given accounts of some of the 
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elastic range tests that have been performed on space trusses and 
associated joints. In this section some of the inelastic range 
tests that have been performed on space trusses will be discussed. 
Schmidt et al (1976) tested to collapse three nominally 
identical 6x6 panel trusses of the type shown in Figure (5.1a). 
Each truss had constant member sizes throughout. The members were 
12 mm OD aluminium tube of 1.5 mm wall thickness with the ends 
coined to fit aluminium hubs of the Triodetic pattern (Fentiman 
1971, Makowski 1981). Overall truss dimensions were 1.83 m square 
by 220 mm deep. Support constraints for each test were simple 
supports at each lower chord perimeter joint plus the minimum 
additional restraints to prevent rotation of the whole system about 
a vertical axis. The truss supports were mounted about 1.5 m above 
the test floor on concrete corner posts and a box section perimeter 
beam. Simple support conditions were achieved using adjustable 
height rockers about 510 mm high. These details and the corner ball 
joints ensured that free joint rotations were possible. Four equal 
point loads symmetric about the centre of the truss were applied to 
each truss by means of a simple turnbuckle and four-point 
load-sharing arrangement. The loaded joints were those on the 
corner of a 0.6 m square in the lower chord. A load cell in series 
with the turnbuckle measured the total load. Electrical resistance 
strain gauges were attached to members in highly stressed areas of 
the truss, while vertical displacements were measured with 
resistive displacement transducers or dial gauges. Figure (5.1b) 
shows the plots of the characteristic total load versus central 
deflection for the three trusses. All the trusses behaved 
reasonably alike, and the collapse line pattern for one of them is 
shown in Figure (5.1c). 
Schmidt et at (1977) tested to collapse a 7x7 panel square grid 
double-layer space truss of dimensions and layout shown in Figure 
Figures (5.1) to (5.5) have been constructed by scaling from the source 
drawings. 
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(5.2a). Each lower chord boundary node was simply supported and 
additional restraints were used to prevent rotation of the truss 
about a vertical axis. Joint rotations were permitted at the 
supports. Chord members were 25x25x3.2 mm R. H. S. and web members 
26.9x3.2 mm C. H. S. All members were used in the as-received 
condition. Members were connected by the jointing system shown in 
Figure (5.2b), providing continuous chord members and eccentric 
joints. Twelve equal point-loads were applied to lower chord nodes 
by means of a single hydraulic jack and load-sharing arrangement 
reacting against a strong floor. A controlled deformation rate was 
achieved by a servo-controlled hydraulic unit. The total load was 
measured by a load cell in series with the hydraulic jack, 
deflections were measured by transducers, and electrical strain 
gauges recorded strains in certain members. The load versus central 
deflection plot is shown in Figure (5.2c). To evaluate the effects 
of chord continuity, joint detail and adjoining members on the 
strut behaviour three configurations of sub-structure were tested, 
the layout of which is shown in Figure (5.2d). Loading was by means 
of a turnbuckle reacting against a strong floor. Total load was 
measured by a load cell in series with the turnbuckle, and joint 
deflections were measured by resistance displacement transducers. 
Figure (5.2e) shows the total load versus central vertical 
deflection. The results showed that the effects of continuity, 
joint detail and adjoining members affected the overall behaviour. 
Collins (1981) tested to collapse four offset square-on-square 
double-layer space truss models. The layout of the truss is shown 
in Figure (5.3a). Members for the trusses were prepared from mild 
steel tube of nominal external diameter 9.52 mm and wall thickness 
0.81 mm. Two of the grids were manufactured from annealed steel of 
a different batch and of a slightly higher grade than the other 
two. The annealing process was carried out in a Wild Barfield air 
circulating furnace as described by Dianat (1979). The members were 
welded on to specially made steel joints (Figure (5.3b)) fabricated 
with holes to locate the members. The testing frame was similar to 
that used by Butterworth (1975). Each truss was supported at the 
four bottom-layer corner joints. The supports were designed to 
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provide vertical constraint, free horizontal movement and free 
universal rotation ' about the joint centre. The R. D. P. -Howden 
loading system, described by Dianat (1979), comprised two hydraulic 
jacks simultaneously exerting equal displacement-controlled 
vertical loads on two nodes. The jacks were held down to the test 
frame by fixing bolts. The nodal displacements were measured by 
R. D. P. transducers. Electrical resistance strain gauges were 
mounted on selected members to measure the axial forces and bending 
moments. The experiments were controlled by the Alpha-16 
minicomputer run with BASIC software. When premature failure of the 
four corner bracing members at the support joints took place in the 
first test, s inch diameter mild steel rods were used in their 
place in all the trusses. Collin's tests demonstrated the 
complexity of the collapse behaviour of space trusses in practice, 
however much precision is involved in constructing them. For 
example, the sequence of failure of members was not always as 
predicted, and the symmetry of loading was almost always lost in 
the inelastic range. Figure (5.3c) shows some of the load versus 
central deflection plots obtained from the tests. 
Marsh and Fard (1984) tested a space truss model of the type 
illustrated in Figure (5.4a). The chords were steel angles and the 
diagonals were aluminium T-section. Two bolts were used at each 
joint. The joint detail is shown in Figure (5.4b). The model was 
supported at four points and loaded by hydraulic jacks at the three 
nodes on the centre line. Member forces were measured by strain 
gauges. Figure (5.4c) shows some of the results obtained from the 
experiments. It was observed that: (1) on removing * the load the 
model returned to the original configuration; (2) by using 
eccentric diagonals the load carrying capacity of the model was 
increased by 30% over that predicted by normal elastic analysis for 
a specified maximum chord force; and (3) as the load approached the 
limiting value, the bowing of the diagonals became conspicuous, 
demonstrating that this type of member gives a visible sign of 
approaching distress well before the structure collapses. This 
phenomenon is a contrast to concentric members which suddenly 
buckle at the critical load without warning. 
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Parke (1988) recently conducted one of the most extensive 
collapse test programmes of double-layer space trusses. Four 
square-on-square double-layer space trusses with a mansard edge 
detail were fabricated and tested to investigate the viability of 
improving space truss behaviour by incorporating novel "force 
limiting devices". The models were 1.80 metres square on plan with 
bottom and top grids of five and four square bays, respectively, in 
each of the principal directions. Each structure was 254.56 mm deep 
making all the members the same length of 339.5 mm and fixing the 
angle of inclination of the web members at 45° to the horizontal 
plane. Figure (5.5a) shows typical dimensions and layout of one 
model. Six different member types were used for the fabrication of 
the models. Five of the member types were annealed, cold-drawn, 
seamless, mild steel tubes of varying outer and inner diameters. 
The sixth member type was a solid, bright steel bar. The models 
were fabricated with rigid welded joints (Figure (5.5b)) very 
similar to those used by Collins (1981). The loading system 
consisted of a 50 kN hydraulic actuator, a hydraulic power pack and 
a control unit, all manufactured by R. D. P. -Howden Ltd. The loading 
was carried out under controlled displacement, enabling the 
investigation of the post-ultimate strength behaviour of the 
models. The rate and magnitude of the actuator displacements were 
controlled by the DEC LSI-11/2 micro-processor. Two of the models 
were loaded at the top central joint, while the other two models 
were symmetrically loaded at the four top nodes forming a 2x2 panel 
square around the centre. Two of the models (1 and 2) were designed 
so that under the action of an increasing imposed load, extensive 
yield would occur in the bottom chord members before any of the top 
chord members buckled. The requirements were achieved by using top 
chord compressive members significantly stronger than the bottom 
chord tension members. The rest of the models (3 and 4) were 
designed to exhibit a ductile post-yield load-displacement response 
by permitting tensile yield to occur in the bottom chord members in 
conjunction with the yielding of eight "soft" members symmetrically 
positioned in the top compression chord of each structure. Each of 
the four models was supported at its four bottom corner joints. All 
the supports were designed to provide vertical constraints and free 
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rotation about the three principal axes. In addition one support 
was constrained to prevent any translation in the horizontal plane, 
two supports were free to translate horizontally along one axis 
only, and the fourth support was not constrained against any 
horizontal translation. These support conditions were achieved by 
arrangements of steel ball bearings housed in special fabricated 
devices. Vertical displacements at some selected nodes were 
measured by LVDT transducers and mechanical dial gauges. 
Micro-Measurements precision electrical resistance strain gauges 
types EA/06/125BZ-350 and CEA/06/125UN-350, each connected in a 
quarter-bridge configuration, were used for the measurement of 
strains in some members of the models. From the results obtained 
Parke concluded that attempts to improve the ductility of the 
square-on-square double-layer grids, by permitting tensile yield in 
the lower chord members, were completely successful, but attempts 
to improve both the elastic force distribution within 
square-on-square double-layer grids and the post-elastic ductility 
of the structure by incorporating soft members into the compression 
chords were not so rewarding. The disappointing results from the 
two tests on double-layer grid structures were explained as 
emanating from the poor performance of the soft members when 
subjected to both axial forces and bending moments, and also due to 
imperfections introduced into the structure during fabrication. 
Figure (5.5c) shows the experimental load-displacement 
relationships obtained for the models. 
The rest of this chapter describes the model testing conducted 
in the current investigation. 
5.3 Experimental studies 
5.3.1 The truss model dimensions. 
The dimensions of the truss were governed by the need to: 
1) keep the test loads as low as possible; 
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2) be able to use the testing space and equipment available in the 
laboratory for the purpose; and 
Condition (1) requires that long (slender) members be used and 
that the truss be as shallow as possible. The use of long members 
conflicts with the space requirements and may introduce the onerous 
task of having to deal with odd fractional angles and lengths. From 
linear static analysis, it was possible to determine: (a) the 
distribution of forces in the double-layer grids with different 
configurations and span/depth ratios; and (b) the support node 
positions and nodes on which to apply a total external load less 
than the available jack capacity so that the forces induced in the 
members were as high as possible and exceeded the maximum 
anticipated resisting loads of all the members. This requirement 
would ensure that the structure reached complete collapse within 
the loading capacity of the jacking system available for the test. 
From these preliminary studies, the optimum truss dimensions for 
the models were found to be as given in Chapter 4, that is: 
Type 1 (Square-on-offset-square) double-layer space truss 
" centre-to-centre distance between joints = 749 mm 
" bottom layer 4 bays x4 bays @749 mm = 2996 mm square 
" top layer 5 bays x5 bays @749 mm = 3745 mm square 
" inclination of bracing members = 45" 
" centre-to-centre depth of truss = 529.62 mm 
" overall dimensions of the model = 3745 mm wide x 3745 mm long 
x 529.62 mm deep. 
Type 2 (Offset-square-on-square) double-layer space truss 
" centre-to-centre distance between joints = 749 mm 
" bottom layer 2 bays x2 bays @749mm = 1498 mm square 
" top layer 1 bay x1 bay @749 mm = 749 mm square 
" inclination of bracing members = 45° 
" centre-to-centre depth of truss = 529.62 mm 
" overall dimensions of the model = 1493 mm wide x 1498 mm long 
x 529.62 mm deep. 
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The elastic forces in the Type 1 double-layer space truss were 
distributed in such a way that all the top-layer members were 
either redundant or compressive; all the bottom-layer members were 
tensile; some of the diagonal bracing members were in compression 
and others in tension. The highest compressive forces were in the 
top-layer members. These results meant that one section-size could 
be used for all the members of the model so that, in general, the 
most stressed top-layer members failed first. 
The elastic forces in the Type 2 double-layer space truss were 
such that the corner members carried twice as much compressive 
force as the non-redundant top-layer members. This meant that to 
prevent these corner members from buckling before the top-layer 
members, the former had to have a much greater second moment of 
area than the latter. Mild steel one-inch-diameter round bars were 
used for the corner bracing members. The cross-sectional area of 
506.71 mm2 of the round bar was more than three times that of the 
tee-section (160.03 mm2). This ensured that not only was premature 
failure of the structure avoided but also throughout the collapse 
range of interest the round bars remained within their elastic 
range, in accordance with the theoretical behaviour assumed in 
Chapter 4. 
Figures (5.6) and (5.7) show the layout and dimensions of the 
structural models and a summary of the joint connections. 
5.3.2 Fabrication of the nodes 
When at the onset a tee-section was considered to be suitable 
for eccentricity studies a joint type had to be conceived that 
would hold the member at different predetermined eccentricities in 
the plane of symmetry of the tee-section. Such a joint had to be 
strong enough to resist all the possible forces acting on it during 
a test, and yet be small, light and simple for easy handling and 
manufacture. The design of the joint was one of the most difficult 
and time-consuming aspects of the truss model manufacture. 
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The nodes illustrated in Figures (5.8) and (5.11) were found to 
be most suitable for the purpose. Three different designs of the 
node were necessary for the Type 2 double-layer space truss. In the 
Type 1 double-layer space truss model tested only one node type was 
used. 
(a) Node type I (Figure (5.8)): This node was a mild steel 
circular solid block of 25.4 mm (one inch) diameter and 25 mm 
thick. Eight equally spaced radial grooves 3.5 mm wide and 10 mm 
long were cut through the block around the circumference, giving a 
Triodetic pattern (Fentiman 1971, Makowski 1981). At the centre of 
each node a 6.35 mm 1 inch) hole was drilled to facilitate the 
l4 holding of the node in the assembly jig during the assembly of the 
model. In practice it was more efficient to machine the grooves on 
200 mm-long bars and then chop the machined bars into smaller 
blocks which were finished to the required thickness of 25 mm by 
milling in a lathe. All the connections in the Type 1 double-layer 
space truss were made from this type of node by welding. 
(b) Node type 2 (Figure (5.9)): This node was designed to 
provide bolted connections for the top-layer tee-section members at 
desired eccentricities and welded connections for the 
concentrically loaded tee-section and round bar diagonal bracings 
in the Type 2 double-layer space trusses. The need to use bolted 
eccentric members followed the failure to reliably achieve 
eccentricity with welded type I nodes. The bolted connections were 
oiled with lubricating oil to reduce frictional resistance to the 
members rotating about the bolt point as they bowed in the plane of 
symmetry under compression. 
(c) Node type 3 (Figure (5.10)): This node was an adaptation of 
the type I node in order to accommodate the round bars at the 
corner nodes in the bottom layer of the Type 2 double-layer space 
trusses. 
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Figure (5.8) Node type 1 details. The node type was used for the 
fabrication of all connections of the Type I double-layer space 
truss model and the intermediate bottom layer joints of the Type 2 
double-layer space truss models. 
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OF 
50.8mm dia 
Figure (5.10) Node type 3 details. The node type was an adaptation 
of the node type 1 in order to accommodate the round bars at the 
corner nodes in the bottom layer of the Type 2 double-layer space 
truss models. 
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n 
ýý 
Figure (5.12) Demonstration of the use of node týpe 2 to pro»ide it 
tºol i cd C( n nect ioºn. 
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ý 
(a 11odc'I as. "rnuhly jig 
lur 1ýJ)C ' 11 U1S nuK1CI 
Figure (5. I3) General appearance of the jig used to assemble the 
double-laser space truss models. A typical module assenºhIctl tier a 
Type 2 douhle-laver' space truss model is shown in (h). 
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Table 5.1 Support node restraints. 
(a) Type 1 double-layer space truss model (M1/88) 
Support Rotation 
about all 
Translation in 
node no. axes x-direction y-direction z-direction 
7 yes no no no 
11 yes no yes no 
51 yes yes no no 
55 yes yes yes no 
(b) Type 2 double-layer space truss models (M1/89, M2/89, M3/89, 
M4/89, M5/89 and M6/89) 
Support Rotation 
about all 
Translation in 
node no. axes x-direction y-direction z-direction 
1 yes no no no 
3 yes no yes no 
11 yes yes no no 
13 yes yes yes no 
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Table 5.2 Load cell details. 
(a) Type 1 double-layer space truss 
Node no. Channel no. Load cc lI type Remarks 
Load cell recorded total 
actuator load applied at 
one point and equally 
distributed through a 
system of bars and beams 
500 kN NCB/MRE on to the four nodes 2S, 61 
type 403 26,36 and 37. The load 
cell was calibrated on 
the 500 kN SATEC 
mechanical testing 
machine over the working 
range 0 to 100 kN in 
compression 
(b) Type 2 double-layer space truss 
Node no. Channel no. Load cell type Remarks 
1000 kN NCB/MRE 
4 43 
type 440 All the load cells 
were cal i brated on the 500 kN NCB/MRE 5 61 
type 403 5 00 kN SATEC 
mechanics 1 testing 500 kN NCB/MRE 
9 47 
type 403 machine over the 
working r ange 0 to 100 1000 kN NCB/MRE 
10 45 
type 440 kN in compression 
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Table 5.3 LVDT transducer details. 
(a) Type 1 double-layer space truss 
Node no. Channel no. 
LVDT t ransducer Remarks 
type 
1 75 
id df t U ree arma ure ngu e 14 76 
RDP D5/4000 d LVDT di l R 
20 77 ogge ea ngs s; 
ORION data l e b 24 79 y ogg r 
30 78 
load da m tu S i 32 83 e a ng- r re pr 
s showin Readin LVDT 38 84 RDP D5/2000A g g s; 
lifi lt on vo age amp er 42 81 
d ll l ogge manua y 48 82 
52 86 
id df t U 53 87 ngu ree arma ure e 
LVDT di R i h ea ow s; ngs s ng 57 88 RDP D5/1000 
l lifi 
58 89 on vo tage amp er 
d ll l manua ogge y 61 85 
(b) Type 2 double-layer space truss 
LVDT transducer Node no. Channel no. Remarks 
type 
LVDT transducer was 
att ached to the centre 
of the loading beam 77 
suspended from nodes 4 
and 5 
Actual point of 
7 75 measurement was 
located 
RDPDS/4000 on member 
10 very close 
to node 7 
8 78 
LVDT transducer was 
attached to the centre 76 
of the loading beam 
suspended from nodes 9 
and 10 
12 79 
The LVDT transducers were calibrated over their working ranges against 
"slip" gauges. 
A 
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Table 5.4 Strain-gauge details. 
(a) Type 1 double-layer space truss 
M b 
Channel no. 
e St t i Remarks em er no. 
T R L 
ra n gauge yp 
6 63 65 67 
10 19 21 23 
12 13 15 17 
17 25 27 29 
Th t ain au es 21 7 9 11 Shows NI1-FA-120-11 es r g g 
sed in the Model 44 69 71 73 (see Page 248 for u 
au e M1/88 had a 47 31 33 35 details) g g 
07f1% of 2 to f 51 37 39 41 . ac r 
78 1 3 5 
161 49 51 53 
164 43 45 47 
178 55 57 59 
(b) Type 2 double-layer space trusses 
M b 
Channel no. Strain gauge R k em er no. 
T R L type 
emar s 
2 63 65 
Th t i 11 25 27 29 es ra n gauges 
di d M l 
is 67 67 use n o e s 
MI/89 d M2/89 
16 37 39 41 an 
d h 
19 71 73 73 a a gauge 
Sh FA 120 11 NI I t f f2 07±1% 22 3l 33 1 35 own " . - 248 f P 
ac or o . 
hil th d age or (see w e ose use 24 49 S1 53 
d il d i M 1 M3/89 eta s) n o e s . 26 SS 57 59 
M4/89 MS/89 d 
29 11 3 5 an . 
M6/89 h d 
30 9 1 1 a a 
f f 
31 13 15 17 gauge actor o 
2 09±1% 
32 19 21 23 . 
In the above tables the letters L, R and T denote the positions of 
the strain gauges with respect to each other when the member is 
viewed from the end facing the open solderable terminals of the 
strain gauges, as shown in Figure (5.16), thus: L= left; R= 
right; and T= top. 
ý 
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(a) tee-section member 
(b) circular member 
Figure (5.16) Strain-gauge arrangements on the members. The 
sections are taken looking from the open ends of the gauges so that 
the gauges may be identified as left (L), right (R) and top (T). 
Active Dummy 
gauge gauge 
0V 0V 
Figure (5.17) A theoretical quarter-bridge circuit for strain 
measurement. 1a and Ib are current sources provided by the logger 
to energise the sense amplifiers. 
Page 242 
ýý 
r--F-H 
Load cells 
and amplifiers 
LVDT tranducers 
and amplifiers 
r(--i S train gauges 
ý-ý 
'ý-ý-, 
Test model 
Ac tuator 
Power pack 
Graphics 
monitor 
T W 
E 3530 ORION data 1o gge r 
W 
Ope rator 
Control console 
for power pack 
Figure (5.18) Experimental layout scheme for the space truss model 
tests. The arrows indicate the direction of signal flow. 
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5.3.3 Fabrication of the members 
All the members for the Type 1 double-layer space truss models 
were prepared from the batch of mild steel tee-section bars 
procured from I. S. & G. Steel Stockholders Limited. All the members, 
except the four corner diagonal bracings, for the Type 2 
double-layer space truss were also prepared from the same batch of 
tee-section bars. The tee-section was specif icd by the supplier as 
of cold-rolled mild steel and 25x25x3mm nominal size. Part of 
Chapter 3 described the mechanical testing that was undertaken to 
determine the tensile properties of tile material batch. The only 
criterion for selecting this tee-section was because it was the 
smallest hot-rolled steel tee-section manufactured. The four corner 
diagonal bracing members of the Type 2 double-layer space truss 
model were prepared from a mild steel 25.4 mm (1 inch) diameter 
rod. To ensure that sufficient weldable length was available at the 
ends of the members while at the same time maintaining a 
centre-to-centre distance of 749 mm inevitably meant that the 
length and end-detail of a diagonal bracing differed from that of a 
chord member, and that the centre of a joint as part of the 
structure did not coincide with the geometrical centre of the node. 
In addition the details at the two ends of a diagonal bracing 
member were not the same. To avoid lack of fit arising from 
possible minor constructional errors each member was cut shorter 
than the theoretical length by one millimetre. 
5.3.4 The model assembly jig 
The repetitive nature of the inter-connection patterns of the 
truss models meant that a simple jig could be used to construct as 
many independent sub-assemblies as possible before joining them 
together to form the complete model. The jig consisted of a 
horizontal base in an H-shape made by welding together 19.06x76.2mm 
x3 inch) mild steel rectangular bars, and a 25.4 mm diameter 
(34 
J 
mild steel bar projecting vertically from the centre of the base. 
This gave a jig rigid enough not to deform during the welding of 
the members on to the nodes. At the four corners of the base and at 
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the top of the vertical bar 6.35 mm bolt holes were drilled and 
tapped so the nodes could be located and held in position to 
receive the members home before welding. The general appearance of 
the jig is shown in in Figure (5.13). 
5.3.5 The support system 
The models were supported at the four corner nodes in the bottom 
layer, that is nodes 7,11,51,55 for Type 1 double-layer space 
truss and nodes 1,3,11 and 13 for Type 2 double-layer space 
trusses. The supports were designed to offer the restraint 
conditions given in Table 5.1. The rotation of a support joint was 
achieved as follows: two blocks, each with a finely ground 
cup-shaped groove, housed a ball-bearing between them. The upper 
block was welded on the support node, the 6.35 mm central holes in 
the node and the block enabling the exact location of the block. 
The lower block rested on a thick flat steel plate which was part 
of an assembly ("rocker") designed to allow fine leveling of the 
support. The dimensions of the ball, groove and blocks were such 
that not only did rotation at the support occur about a point as 
close to the joint centre as possible but also the maximum possible 
rotation occurred without any interference between the support 
accessories and any part of the structure. This requirement that 
the rotation at the support take place about the joint centre . was 
to minimise bending moments that might be induced on the joint. 
Horizontal translation at the supports was permitted by use of 
ball-bearings. The overall stability of the supports was achieved 
by fixing them on gravity concrete blocks using plastic padding. 
The floor-to-model clearance was about 1.6 M, sufficient to 
accommodate the actuator, the loading-beam assembly and the 
displacement transducers described elsewhere in this Chapter. 
Figures (5.14) and (5.15) show general views of the support system 
used in the experiments. 
5.3.6 Loading system 
Each model was loaded at the four nodes nearest to the centre in 
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the top layer. This was achieved by an arrangement of beams 
suspended on 15 mm diameter high strength Dywidag prestressing bars 
attached to the four nodes as follows: 17.46 mrn 'I I inch diameter 1-6 
holes were drilled through each of the four, nodes. 
ý'n 
each hole was 
inserted a Dywidag bar which was firmly anchored at the top node. 
Taking the bars through the nodes in pairs, 25 with 26 and 36 with 
37 for Type 1 space truss model, and 4 with 5 and 9 with 10 for 
Type 2 space truss models, at the lower ends of each pair was 
suspended a horizontal beam. The beam was a compound section of two 
127mmx64mmxl4.9kg/m mild steel channels placed back-to-back at a 
spacing of 30 mm and held together by welding mild steel plates 
straddling across the flanges. This gave an arrangement of two 
identical horizontal beams suspended 749 mrn apart. A third beam, 
similarly constructed from 152mmx76mmxl7.88kg/ni mild steel 
channels, rested across the centres of the two horizontal beams to 
give an H arrangement in plan. A downward load applied at the 
centre of the cross-beam could thus be expected to be equally 
distributed on the four nodes. The cross-beam was connected to an 
actuator, via a specially made coupling, by a 15 mrn diameter 
Dywidag prestressing bar. The actuator was held down to the floor 
by high tensile bolts. The floor was d specially made testing bed 
in the Heavy Structures Laboratory at the University of Surrey, and 
consisted of a strong concrete raft foundation into which were 
embedded 35 mrn diameter threaded bushes at 500 mrn centres. The bed 
was guaranteed to resist a maximum pull-out force of about 6 tonnes 
at every hole. 
All the bearings on the beams and nodes were ball-and-socket 
arrangements allowing small rotations in all directions in such a 
way that, as long as the symmetry of the structure was maintained 
and/or displacements were small, the loads on the four nodes could 
be expected to be equal at all times. In practice, however, this 
might not be achieved because of material and geometrical 
imperfections of the truss members and unsymmetrical behaviour of 
the structure especially in the inelastic range, as observed in 
experiments by Collins (1981). In theory, however, the models had 
half-symmetry about a vertical plane passing through nodes 1 and 61 
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for Type 1, and nodes 1 and 13 for Type 2 double-layer space 
trusses. Figures (5.14) and (5.15) show general views of the 
loading systems used in the Type 1 and Type 2 double-layer space 
truss models, respectively. 
5.3.7 Instrumentation 
(a) Load: Each model was loaded to collapse under displacement 
control. The load, applied by an R. D. P. -Howden type 40DC hydraulic 
actuator (or "jack") provided with pressurised oil from an 
R. D. P. -Howden type M50 air-cooled, fixed delivery hydraulic power 
pack, was distributed equally to the four nodes (25,26,36, and 37 
for Type 1, and 5,6,9 and 10 for Type 2 double-layer space 
trusses) via the system of beams and bars described in Section 
5.3.6 above. The actuator had a tension load rating of 300 kN and a 
compression load rating of 500 kN. The actuator piston movement was 
controlled with an R. D. P. -Howden type E207 control unit. (With 
suitable computer hardware and software this procedure could be 
automated. ) The actuator had in-built type BHL 4050-00-01MO 
pressure transducers which could be used in conjunction with Servo 
amplifier type L85 to measure the applied load. However, the load 
output readings displayed digitally on the transducer indicator 
type E307 were considered not sufficiently reliable for the 
experiments. Instead the loads exerted on the actuator piston were 
measured by 500 kN N. C. B. /M. R. E. type 403 and 1000 kN N. C. B. /M. R. E. 
type 440 load cells reacting against the Dywidag bar bearings. Each 
load cell was connected to the data logger in a full-bridge 
configuration. In the Type I double-layer space truss, only one 
type 403 load cell was used for measuring the total load on the 
model. The load cell was mounted in series with the actuator at the 
centre of the loading cross-beam (Figure 5.14). The disadvantage 
with this arrangement was that it never gave an indication of what 
fraction of the total load each of the four loaded nodes 25,26,36 
and 37 actually carried. This shortcoming was overcome in the load 
measurement arrangement used in the Type 2 double-layer space 
trusses by using four load cells to record separately the load on 
each of the four nodes 5,6,9 and 10 (Figure (5.15)). By comparing 
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the four readings the symmetry of loading could be ascertained at a 
glance. Indeed this method, together with some of the symmetrically 
positioned linear variable differential transformer (LVDT) 
transducers for measuring the vertical displacements (see the next 
paragraph below), provided a powerful procedure for checking the 
accuracy of the experimental set-up and the symmetry of behaviour 
of the test models. The load cells were supplied by W. H. Mayes & 
Son (Windsor) Ltd. Table 5.2 gives the details of the loaded nodes 
for the two model types. 
(b) Node displacement measurements: In addition to the pressure 
transducers, the actuator also had an in-built R. D. P. -Howden type 
D5/4000 LVDT displacement transducer whose output signal was 
amplified by an R. D. P. -Howden type L85 servo amplifier and 
digitally displayed on an R. D. P. -Howden transducer indicator type 
E307 to an accuracy better than 1% of the full working range. In 
this way the vertical displacement of the loaded nodes could be 
determined. The piston had a working stroke of 200 mm which was far 
in excess of the displacement expected to turn the model into a 
structural mechanism. 
Vertical displacements at several selected points were measured 
using R. D. P. LVDT transducers. In the Type 1 double-layer space 
truss model unguided free armature type D5/1000 and spring-loadcd 
armature type D5/2000A LVDT transducers were used, while only the 
unguided free armature type D5/4000 LVDT transducers were used in 
the Type 2 double-layer space truss models. Each unguided free 
armature LVDT transducer was held upright by powerful magnetic 
blocks mounted on heavy steel blocks placed on the floor beneath 
the model, and by means of a piano wire the armature of the 
transducer was suspended plumb from the point of measurement. Each 
spring-loaded armature LVDT transducer was held upright in clamps 
and the tip of the armature was lodged at the bottom of the hole at 
the centre of the node whose displacement was being measured. The 
LVDT transducer positions and descriptions are entered in Table 5.3 
for the Type I and Type 2 double-layer space truss models. 
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(c) Member strains: Bending and axial strains resulting from 
member deformations were measured by electrical resistance 
encapsulated foil strain gauges manufactured by Showa Measuring 
Instruments Co. Ltd of Tokyo, Japan, and supplied by Graphtec (UK) 
Ltd of Nantwich, England. The gauges were of the following 
manufacturer's specifications: 
" Type: N11-FA-120-11 
" Gauge length: 8mm 
" Measurable strain: up to 4% 
" Backing: polyester 
" Nominal resistance: 120.0±0.6fl 
" Gauge factor: 2.07±1% and 2.09±1% 
" Temperature range: -30°C to 180°C 
" Temperature-compensated for: Steel (Thermal expansion 11 ppm/°C) 
" Thermal output: ±2 microstrain/°C at room temperature up to 80°C 
" Fatigue life: >105 reversals at 1000 microstrain. 
The gauges were carefully installed with the Micro-Measurements 
Certified M-Bond 200 pressure- sensitive adhesive ("super glue") on 
certain selected members. If the member was a tee-section three 
strain gauges were installed at the mid-length of the member 
parallel to the longitudinal axis of the member. One of the three 
gauges was stuck at the centre of the flange and one on each side 
near the tip of the web (Figure (5.16a)). If the member was a round 
bar then at mid-length of the member two strain gauges were mounted 
diametrically opposite to each other and parallel to the 
longitudinal axis of the member (Figure (5.16b)). Every strain 
gauge was assigned a unique number called "channel" to enable a 
systematic - data collection procedure in accordance with the set 
rules of the data logging system described hereinafter. Table 5.4 
gives the strain-gauging details for the truss models. To protect 
strain gauge leads from disconnections or inferior insulation that 
might occur during strain gauge installation and measurement, Showa 
types FG-10T and SFG-IOT stick-on solderable terminals were placed 
between strain gauge leads and the heavier leads required for the 
run to the data logger. 
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Each strain gauge was connected in a quarter-bridge 
configuration, with a remote dummy common to all the gauges and of 
identical nominal specifications to those of the active strain 
gauges. The dummy was switched automatically by the logger to the 
strain gauge channel being measured. A theoretical scheme of the 
1/4-bridge circuit is illustrated in Figure (5.17). 
(d) The data logging system: The 3530 ORION Data Logging System 
supplied by Solartron-Schlumberger Electronic Group Limited of 
Farnborough, England, was used to obtain and record readings from 
the strain gauges, LVDT transducerst and load cells. The ORION 
contained software with a comprehensive and flexible logging 
capability. An important feature of ORION was that it could be 
programmed to give output directly in familiar units, that is, mm 
from the LVDT transducers, strain from the strain gauges, and kN 
from the load cells. This was achieved by inputting for the strain 
gauges, LVDT transducers and load cells conversion factors which, 
except for the strain gauges, were determined by carrying out 
calibrations of the measurement devices against known scales. Each 
LVDT transducer was calibrated over its working range by relating 
its ORION digital output to factory-made "slip" gauges. Similarly, 
each load cell was calibrated over a range of 0 to 100 kN by 
loading it in compression on the type 120CG SATEC Systems Inc. 
mechanical testing machine and relating the digital output on the 
ORION to the output on an R. D. P. -Howden load indicator type E388 
calibrated by R. D. P. -Howden Ltd. The conversion factor (gradient) 
and intercept value for each channel were computed by the method of 
least squares. For the strain gauges the gauge factors of 2.07 and 
2.09 specified by the manufacturer furnished the necessary 
conversion factors. Full control of the ORION was achieved using 
keys on the front panel in conjunction with prompt messages 
appearing on the integral display. Built into the system was a 
tIn 
the Type I double-layer space truss model some displacement readings were 
recorded manually from a calibrated voltage amplifier. 
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DC100 cartridge recorder for storage of measurement data and 
setting-up routines and a paper strip-printer for instant 
print-outs of the data. 
Each analogue input from strain gauge, LVDT transducer or load 
cell was connected to the measuring circuit by means of relay 
switches on type 35301A Reed Relay Selector modules used in 
conjunction with type 35303A Input connectors. The logger contained 
two differential Sense amplifiers which were automatically 
configured according to the type of input. 
5.3.8 Test procedure 
One test to collapse was performed on Type 1 double-layer space 
truss, while six were performed on Type 2 double-layer space 
trusses. First the jack, the concrete blocks and the adjustable 
steel rockers were fixed in position to an accuracy of one 
millimetre. Each steel corner support rocker was leveled 
simultaneously with respect both to itself and to the other three 
with the aid of a builder's straight-edged spirit level and a 
geodesic surveyor's precision level. The model was lifted into 
position and the loading beam assembly suspended from the model at 
the four appropriate nodes described above. Figures (5.14) and 
(5.15) show general views of the typical set-up arrangements for 
the Type 1 and Type 2 double-layer space truss models, 
respectively. 
After setting up the experiment the supply to the power pack 
control console was switched on and allowed 24 hours warm-up for 
the electronics to stabilise. The power pack was then turned on and 
the actuator piston run up and down several times before being 
coupled to the loading beams. Small mock elastic displacements were 
applied to the structure in small increments up to a total load of 
5 kN while at the same time the digital outputs from the LVDT 
transducers, strain gauges and load cells were monitored on the 
ORION. If any anomalous behaviour was noticed, the offending device 
and associated connections were thoroughly checked until all output 
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was satisfactorily consistent. In certain few cases the mcasurcment 
device and the connecting leads were replaced. The load was then 
taken off the structure, and a final check made on the test set-up 
and safety guards. All measurement channels were initialised on the 
ORION and the testing started under manually-controlled 
displacement of the actuator. The displacements were incremented in 
steps of approximately 0.05 mm per minute. Larger increments were 
used in the unloading range for those tests where this was carried 
out. For each increment of actuator displacement, readings from the 
measurement channels were both recorded on magnetic tape and 
printed on paper for subsequent further analysis. The experiment 
was stopped when large enough deflections were achieved to render 
further testing either unnecessary or unsafe. Figure (5.18) is a 
schematic description of the experimental set-up and control. 
5.3.9 Test results 
The tests were conducted between October 1988 and October 1989. 
The room temperature during the tests stayed in the range 22-250C. 
In all the tests loading was continued until members of the 
structure began to clash with the support or load attachments. 
Table 5.5 gives a summary of all the model tests. 
Calculations on the strain measurements 
Because every strain-gauge mounted on the members of the 
structure was wired in a quarter-bridge circuit, the strain reading 
obtained was the total strain at the point of measurement. For a 
proper interpretation of the measurements of strain it is therefore 
necessary to decipher that portion of the total strain which is 
axial and that which is flexural. 
Consider the tee-section shown in Figure (5.16a). The strain 
gauges were fixed at positions R, L and T. It was shown in Chapters 
2 and 3 that the tee-section members used in the current studies 
failed by bending in either the x-x plane or the y-y plane, 
depending on whether the member was loaded centrally or with an 
Page 252 
eccentricity in the symmetry plane. Assume that the bending in the 
x-x plane is concave on the "R"-side of the member and the bending 
in the y-y plane is convex on the "T"-side. Therefore, denoting the 
strain measurements at positions R, L and T as [R], [L] and [T], 
respectively, it is easy to see that: 
[R] =- Axial strain - Bending strain in y-y plane - Bending in x-x plane 
[L] =- Axial strain - Bending strain in y-y plane + Bending in x-x plane 
[T] =- Axial strain + Bending strain in y-y plane. 
The bending strains in the x-x plane at positions R and L are equal 
in magnitude but of opposite signs, while the bending strains in 
the y-y plane are equal in magnitude and have the same signs. 
Solving the above relationships gives: 
Axial strain = _[R] 
+ [L] + 2[T] 
Bending strain in x-x plane =[L; 
Bending strain in y-y plane =2[T] - 
[R] - [L] 
Consider now a circular cross-section, like the one used for the 
diagonal bracings at the corners of the Type 2 double-layer space 
trusses. The two strain-gauges on the member were positioned 
diametrically opposite to each other, as shown in Figure (5.16b). 
Regardless of the axis about which the member may bend each strain 
gauge will pick up the axial strain and a bending strain in the 
plane of the diameter joining the centres of the two strain gauges. 
The axial strains are of equal magnitude and sign, while the 
bending strains are equal in magnitude but carry opposite signs. 
Hence: 
[R] =- Axial strain - Bending strain 
[L] =- Axial strain + Bending strain 
Axial strain = -[R] 
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The maximum bending strain occurs in the plane in which the member 
bends. In theory, any diameter of the circular section is a 
possible bending plane. To determine experimentally the actual 
bending plane and associated strain it would be necessary to mount 
three strain gauges round the section. 
A positive axial strain signifies tension of the fibres of the 
member at the point of strain measurement while compression results 
in a negative strain value. A bending of the member which gives 
convexity at the strain gauge point is manifested as a positive 
strain while concavity results in a negative strain value. 
Type 1 double-layer space truss model 
Only one 5x5 Type I (square-on-offset- square) double-layer space 
truss model was tested. The identification code for the model was 
MI/88. The truss collapse occurred suddenly with a loud "bang" at a 
total applied load of 145.6 kN with members 51,72,76,82,84,90 
and 96 in the top-layer visibly bent about their weak axes, hence 
forming two distinct collapse lines at right angles to each other. 
The members closest to the centre of the structure showed maximum 
deformation while those at the edges were least deformed. Figure 
(5.19) shows a general view of the structure at the end of the 
test. Figure (5.20) is a free-hand illustration of the observed 
collapse lines. Figures (5.21) to (5.27) show graphs of the total 
load versus selected displacements and axial and bending strains. 
Type 2 double-layer space trusses 
Six tests were carried out for the Type 2 double-layer space 
trusses. All the top-layer members 29,30,31 and 32 were bolted to 
the nodes at an eccentricity measured from the centroid towards the 
tip of the web in the plane of symmetry. All the bottom-layer 
members and the diagonal bracings were concentrically welded to the 
nodes. 
(a) Model M1/89: The top-layer members of Model MI/89 were each 
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subjected to an eccentricity of 10 mm. The test was a trial test to 
establish the suitability of the bolted connections with node type 
2 for eccentrically loaded top-layer members. The maximum loads 
recorded on the four top-layer nodes 4,5,9 and 10 were, 
respectively, 15.2,16.9,17.0 and 16.5 M. The behaviour of the 
double-layer grid was initially linear but became increasingly 
non-linear as the ultimate load was approached. Good symmetry of 
loading was maintained throughout the entire range of the 
experiment. Near the attainment of the ultimate load vital 
measurement data was lost when a mis-operation of the power pack, 
following a pressure loss, led to a sudden uncontrolled large 
movement of the actuator. In the process members 29,31,30 and 32 
buckled in their planes of symmetry. It was, however, possible to 
observe that members 29 and 31 were first to buckle followed soon 
after by members 30 and 32. When the load was taken off, the 
structure recovered most of its initial form. When the top layer 
members were removed, the structure virtually reverted to an 
undeformed state and members 29 and 31 experienced a net permanent 
deformation while members 30 and 32 became straight again. Figure 
(5.28) shows the model before and after the test and the members 29 
to 32 removed from the structure after- the test. Figures (5.29) to 
(5.35) show relationships representing the behaviour of the 
structure. 
(b) Model M2/89: The model M2/89 was formed by replacing the four 
top-layer members 29,30,31 and 32 of the tested Model MI/89 with 
5 mrn eccentricity tee-section members. The rest of the members, 
including those carrying strain-gauges, were left intact. The 
maximum loads recorded on the four load cells at the four top-layer 
nodes 4,5,9 and 10 were, respectively, 22.8,24.3,24.8 and 24.7 
W. Throughout the test the four load cell readings were 
practically equal. At collapse, members 29 and 31 buckled in their 
planes of symmetry. Figure (5.36) shows the model before and after 
the test and the members 29 to 32 removed from the structure after 
the test. Figures (5.37) to (5.43) show relationships representing 
the behaviour of the structure. 
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(c) Model M3/89: The top-layer members 29,30,31 and 32 of Model 
M3/89 were each subjected to an eccentricity of 10 mm. Because 
there was such a long interval of time since the previous test (of 
Model M2/89) was carried out, it was thought necessary to calibrate 
again the load cells and the LVDT transducers before Model M3/89 
was tested. In addition a new batch of strain-gauges with a 
strain-gauge factor specification of 2.09+1% was acquired for this 
and the remaining tests. The maximum loads recorded on the four 
load cells at the four top-layer nodes 4,5,9 and 10 were, 
respectively, 17.6,17.7,17.1 and 17.7. kN. The model exhibited an 
initially linear behaviour but with increasing load non-linearity 
becoming more evident. Near the maximum load, approaching distress 
was evident as the load-deflection relationship became flatter. The 
collapse of the structure was gentle and no loud "bang" that 
characterised Model M1/88 was recorded. Member 30 of the collapsed 
structure showed the largest visible deformation in its plane of 
symmetry. Node 12 exhibited the greatest vertical deflection. Good 
symmetry of loading and behaviour of the structure was recorded 
throughout the entire test. On the unloading of the structure and 
subsequent removal of the top-layer members, the structure 
virtually recovered its shape to what it' was prior to testing. This 
fact was further evidenced by the ease with which the top-layer 
members fabricated for Model M4/89 described below were fitted into 
place. Figure (5.44) shows the model before and after the test and 
the members 29 to 32 removed from the structure after the test. 
Figures (5.45) to (5.51) show some graphs obtained for the 
behaviour of Model M3/89. 
(d) Model M4/89: The Model M4/89 was formed by replacing the 
top-layer members 29,30,31 and 32 of the Model M3/89 with 15 mm 
eccentricity members. Lugs had to be welded onto the web at each 
end of the members to allow the 10 mm diameter bolt holes to be 
drilled in the web (Figure (5.52)). The structural behaviour was 
initially linear but rapidly became non-linear, resulting in a 
smooth attainment of maximum load. The post-ultimate loss of load 
was noticeably more gradual than all the previous tests. Very good 
symmetry of loading and behaviour of the structure was recorded 
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throughout the test. All the four top-layer members deformed 
simultaneously about their symmetry axes, although member 32 showed 
the greatest deformation. On relieving the load on the structure, 
all members, except 30 and 32, virtually recovered their form. The 
maximum loads recorded on the four load cells at the four top-layer 
nodes 4,5,9 and 10 were, respectively, 14.7,15.0,15.3 and 14.6 
M. Figure (5.52) shows the model before and after the test and the 
members 29 to 32 removed from the model after the test. Figures 
(5.53) to (5.59) show some results obtained for the behaviour of 
the structure. 
(e) Model M5/89: This model had 15 mm eccentricity members in the 
top-layer grid. The behaviour of the structure was very similar to 
that of Model M4/89 described above except that the ultimate loads 
recorded were 14.0,14.1,14.2, and 14.0 kN for the load cells on 
Nodes 4,5,9, and 10, respectively. Figure (5.60) shows the model 
before and after the test and the members 29 to 32 removed from the 
structure after the test. Figures (5.61) to (5.67) show 
relationships representing the behaviour of the structure. 
(f) Model M6/89: The model was form6d by replacing the top-layer 
members of the tested Model M5/89 with centrally loaded tee-section 
members. The behaviour of the structure was fairly linear until the 
attainment of the ultimate load. However, as the structure 
approached the ultimate load conditions certain important features 
were visibly evident in at least two members, namely that member 29 
developed a bow about its weak axis while member 30 bowed in its 
plane of symmetry with the web tip on the convex side of the bow. 
The collapse of the structure occurred suddenly when member 29 
buckled sideways about its weak axis. The rest of the members, 
including member 30, in the top-layer grid straightened up. The 
maximum loads at collapse were 28.1,29.2,28.3, and 28.1 at the 
load cells on nodes 4,5,9, and 10, respectively. The loads then 
fell down to 4.0,4.0,4.1, and 3.9, respectively. Further loading 
9f the structure resulted in an increase in the four nodal loads as 
the structure deflected excessively downwards at node 6 and upwards 
at node 8, forcing the structure to behave as a catenary. When the 
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load was removed the structure remained permanently deformed with 
node 6 depressed and node 8 elevated with respect to the support 
nodes. Figure (5.68) shows the structure before and after testing 
and the members 29 to 32 removed from the model after the test. 
Figures (5.69) to (5.75) show graphically the behaviour of the 
structure. 
5.3.10 Discussion of the results 
The space truss joints 
In the analysis of a space truss the joints are assumed to be 
pinned. Consequently each joint has three rotational degrees of 
freedom, and the members carry only axial forces. In real space 
trusses the joints are usually either welded or bolted and the 
joint restraints probably lie somewhere between pinned and fixed. 
If the space truss is well proportioned, assuming fixed joints in . a.. 
theoretical analysis introduces negligibly small moments; the axial 
forces and joint translations are practically the same as for a 
pin-jointed structure. This is the justification for assuming 
pinned joints in the analysis of a space truss even when the joints 
are welded. 
In the Model M1/88 all the joints were welded in such a way that 
the centroidal axes of the top-layer members were offset by five 
millimetres with respect to the points of intersection of the 
centroidal axes of the diagonal bracings. In this way it was 
anticipated that the top-layer members would behave in accordance 
with the eccentricity theories discussed in Chapters 2 and 3. 
However, the mode of failure of the top-layer members clearly 
indicated that they did not behave as eccentrically-loaded members. 
The members buckled about their weak axes, showing that the 
behaviour was similar to that of centrally-loaded members. If the 
members had behaved as eccentrically-loaded members they would have 
buckled in the plane of symmetry of the tec-section. In addition, 
the fact that the collapse of the structure occurred suddenly, 
without any warning indications that the ultimate state was 
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imminent, was consistent with the theory that space trusses with 
centrally loaded members usually fail brittlely. This unexpected 
behaviour could be explained on the ground that the use of welded 
connections created a condition in which the top-layer members were 
rendered centrally loaded. To prevent this situation arising it 
would be necessary to ensure that the only point on the member end 
that came into contact with the node was at the required offset. In 
practice this is difficult to achieve using welds if sufficient 
weld material is to be deposited that will not fail during the 
test. It was for this reason that in all the subsequent tests bolts 
were used to connect the eccentrically loaded top-layer members. 
The use of bolted connections had also the advantage that it 
provided "true" pinned joints, and lack of continuity between the 
eccentric members and the joints ensured that the bending moment 
resulting from the eccentricity was never carried into the joint. 
This created a condition that was consistent with the theoretical 
space truss analyses in Chapter 4 where the eccentric members were 
considered to be carrying only axial forces, but their moduli were 
determined from the load-axial strain relationships. 
Symmetry of applied loading 
The loading mechanism, consisting of built-up channel sections 
and Dywidag prestressing bars, was designed to provide four equal 
vertical loads at the four nodes nearest to the centre of the 
top-layer of the structure. If the four loads as measured by the 
load cells are plotted against an arbitrary scale, say the load 
increments, it is possible to deduce the symmetry of loading over 
the entire range of each experiment. Figure (5.76) shows such 
graphs, and it can be seen that good symmetry of loading was 
maintained throughout the duration of each test. Although only one 
load cell was employed in the measurement of the total applied load 
in the Type 1 double-layer space truss model the same loading frame 
was used as in Type 2 truss models. It may, therefore, be inferred 
that good symmetry of loading was also maintained during testing of 
the Type 1 truss model. 
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It should be noted that what actually is "applied" by the 
actuator at the nodes is displacement and not load. This applied 
displacement equilibrates with a load that may, rather loosely, be 
referred to as the applied load. The importance of "controlling" 
the displacement rather than the load lies in the fact that, 
because of the dynamic effects encountered when compression members 
buckle, the behaviour of the structure beyond its ultimate load 
could not be monitored otherwise. See Collins (1981). 
Structural behaviour 
The construction of the Type I double-layer space truss model, 
together with the loading and support conditions gave a structure 
that was theoretically symmetric about a vertical plane passing 
through nodes 1 and 61 as regards horizontal node displacements; as 
regards vertical node displacements and member strains the 
structure had a quarter- symmetry about the four vertical planes 
passing through nodes 1 and 61,6 and 56,9 and 53, and 29 and 33. 
Similarly, for the Type 2 truss models the symmetry planes were 
through nodes I and 13 as regards horizontal node displacements; I 
and 13,3 and 11,2 and 12, and 6 and 8 as regards vertical node 
displacements and member strains. Although it has been demonstrated 
above that reasonably equal loads were maintained at the four 
loaded nodes throughout each test, symmetry of the behaviour of the 
structure could nevertheless not be guaranteed. The geometrical and 
material imperfections that are inevitable during the fabrication 
processes lead to lack of symmetry in the structure. In spite of 
this fact, on the macro-level the structure may still behave 
reasonably as expected. The graphs obtained for the experimental 
behaviour show that not only was the symmetrical behaviour of the 
structures in the pre-critical state near-perfect, but also the 
node displacements and member axial strains in this region were in 
close agreement with the predicted values. 
The experimental ultimate loads of the six Type 2 double-layer 
space trusses lie between 81% and 100% of the theoretical ultimate 
loads, giving a mean value of 87% and standard deviation of 6.8%. 
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It should, however, be noted that the actual ultimate load of Model 
MI/89 was probably slightly higher than that given in Table 5.5 
because, as explained on Page 254, some experimental data was lost 
when the model was close to its ultimate load conditions. If Model 
M1/89 is excluded from the calculations, the mean experimental to 
theoretical ultimate load ratio increases to 88% with a standard 
deviation of 6.9%. The ultimate loads of the trusses are governed 
by the compression members 29,30,31, and 32 in the top-layer. It 
was shown in Chapter 3 that the experimental ultimate loads of 
compression members were lower than the theoretically predicted 
values. The discrepancy between the two was attributed to 
geometrical and material imperfections. Since the theoretical 
collapse characteristics of the trusses are based on the 
theoretical member behaviour, the test ultimate load conditions 
must necessarily lie below the theoretical ones. Imperfections in 
the fabrication processes of the truss models also cause disparity 
between the expected and actual ultimate load values. 
Models M2/89, M4/89 and M6/89 were formed by replacing the top 
layer members of the tested Models MI/89, M3/89 and M5/89, 
respectively. Comparing the results for ' Model MI/89 with Model 
M3/89, in both of which the top-layer members were subjected to a 
ten millimetre eccentricity, and Model M4/89 with Model M5/89, 
where the eccentricity in both is 15 millimetres, suggests that 
there is no discernible correlation between the behaviour of the 
models having all their members in pristine condition and those in 
which only the top-layer members are replaced. This reinforces the 
observation that the tested structures practically recovered their 
original form when the load was removed at the end of the tests. 
As Figures (5.21) to (5.27) show, the ultimate load conditions 
of test Model M1/88 lie above the theoretical values for for 
eccentricity e=5 mm in the top-layer members, but below those for 
e=0. This is consistent with the explanation that has been made 
above that the model behaved as if the top-layer members were 
concentrically loaded, notwithstanding the attempt to weld them at 
an eccentricity of five millimetres. Possible reasons for the 
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unexpected behaviour may have been defects in the welds or problems 
of continuity associated with welded joints. Main types of weld 
defects that may be encountered in welding operations are: 
incomplete fusion, incomplete penetration, porosity, slag 
inclusions, undercutting, cracks, and over-reinforcement (Salmon 
and Johnson, 1980). The cause of these defects may be technological 
or workmanship. Technological defects are those resulting from a 
major inconsistency in the welding operation, such as a wrong 
electrode, incorrect heat treatment, or inappropriate joint design. 
Workmanship defects arise from the inherent variability of the 
welding process or a chance error by an operator. The majority of 
cracks, lack of fusion and lack of penetration can be considered as 
technological defects whereas the majority of porosity, slag 
inclusions, undercutting and over-reinforcement defects can be 
considered as workmanship defects. Under the conditions in which 
the fabrication process was conducted all the above weld defects, 
except probably undercutting and over-reinforcement, were unlikely. 
Even then it is not possible to assess the extent to which 
undercutting or over-reinforcement of the welds might have affected 
the integrity of the eccentricity of the members. In addition to 
the possible defects described above, - welded joints result in 
structures in which the members are framed into adjacent members. 
Studies by Schmidt et al (1977) have shown that continuity, joint 
detail and adjoining members do affect the overall behaviour of a 
framed structure. These conditions reduce the effect of the moment 
of eccentricity upon the buckling load of the eccentrically loaded 
members (Chwalla, 1937). 
To appreciate the effect of varying the eccentricity of the 
top-layer members on the overall behaviour of the structure, graphs 
of total applied load versus vertical deflection of node 7 for the 
Type 2 truss models M6/89 (e =0 mm), M2/89 (e =5 mm), M3/89 (e = 
10 mm) and M4/89 (e = 15 mm) have been drawn on the same axes in 
Figure (5.77). It was shown from the theoretical studies in 
Chapters 2 and 3 that eccentricity in compression members 
introduces non-linearity both in the members and in the structure 
of which the members are part. It is clear from Figure (5.77) that 
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increasing eccentricity in the top-layer members caused increasing 
non-linearity in the behaviour of the structure. This resulted in a 
rounded attainment of the ultimate load conditions. Eccentricity of 
the top-layer members also resulted in an increase in the ductility 
of the structure, manifested as a more gentle collapse of the 
structure; the fall of load, following the initial collapse of the 
structure, decreased with increasing eccentricity. During this fall 
the maximum vertical node deflection was larger the smaller the 
eccentricity. As with singly loaded members larger eccentricities 
resulted in diminished ultimate loads supported by the structure. 
Hence, the beneficial ductile effects of eccentricity of loading in 
compression members of a space truss are offset by the drop in the 
ultimate load supported by the structure. To achieve a satisfactory 
ductile characteristic of the truss at a high ultimate load it 
would be necessary to strengthen the eccentrically loaded members 
by using, for example, larger sections. 
As stated by Parke (1988), the experimental testing of model 
structures does not by itself constitute a basis for the 
formulation of design methods, but in conjunction with a verified 
mathematical analysis the concepts can " be cautiously extended to 
cover the design of a wide range of related structures. 
Table 5.5 Summary of the space truss models tested. 
Model Space Eccen t ricity Jointing Ultimate load [a] 
no. truss of top -layer used in (kN) [b] 
type members model Expt. Theor. 
(mm) [a] [b] 
1' 
M1/88 Type 1 5 All welded 145.6 98.2 1.48 
Top-layer 
M1/89 Type 2 10 
b 
65.6 80.7 0.81 
M2/89 Type 2 5 mem ers 
b l d 
98.6 98.9 1.00 
M3/89 Type 2 10 o te ; 
ll h 
70.1 80.7 0.87 
M4/89 Type 2 15 a t e 59.6 69.3 0.86 
M5/89 Type 2 15 rest 
Id d 
57.3 69.3 0.83 
M6/89 Type 2 0 we e 113.8 136.2 0.84 
Actual behaviour of top-layer members was inconsistent with eccentricity 
value (see Page 258); if the top-layer members are assumed to be 
concentrically loaded the theoretical ultimate load is 221.2 kN, giving 
[a]/[b) = 0.66. 
Uncertain value as some vital experimental data was lost (see Page 254). 
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Figure (5.21) Load-strain relationships for member 6 of Test Model MI/88. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S ultimate load of model; member 6 has undergone linear elastic axial 
deformation and is slightly bent in y-y plane; 
S-T post-ultimate range; structure collapses dynamically; member 6 
unloads almost along elastic modulus line and becomes straight again; 
T-U recovery from dynamic collapse effects; member 6 undergoes virtually 
complete axial strain relief-, curvature of outer flange fibres 
becomes concave. 
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Figure (5.22) Load-strain relationships for member 12 of Test Model MI/88. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 12 has undergone small linear elastic 
axial deformation and bending in y-y plane with a concave curvature 
on the outer flange fibres; 
S-T = post-ultimate range; structure collapses dynamically; member 12 
unloads elastically; 
T-U = recovery from dynamic collapse effects; member 12 virtually regains 
original form. 
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Figure (5.23) Load-strain relationships for member 51 of Test Model MI/88. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 51 has undergone linear elastic axial 
deformation and slight bending in x-x and y-y planes; 
S-T = post-ultimate range; member 51 fails brittlely and dynamically, 
undergoing large bending in x-x plane; the curvature of outer flange 
fibres changes from convex to concave; strain gauges on the member 
get damaged. 
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Figure (5.24) Load-strain relationships for member 78 of Test Model M1/83. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 51 has undergone linear elastic axial 
. deformation and slight bending in x-x plane; 
S-T = post-ultimate range; structures collapses dynamically; strain gauges 
on member 78 get damaged. 
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Figure (5.25) Load-strain relationships for member 161 of Test Model 
MI/88. Positive axial strain implies tension; positive bending strain in 
the y-y plane implies convexity on the outer flange fibres; the sign of 
bending strain in the x-x plane is not relevant since the member has equal 
chances of bending in the positive or negative directions of the plane. 
The following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 161 has undergone linear elastic 
deformation and remains unbent; 
S-T = post-ultimate range; structure collapses dynamically; member 161 
unloads almost along elastic modulus line; 
T-U = recovery from dynamic collapse effects; member 161 virtually regains 
original form. 
(ii) Shape of member 161 
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Figure (5.26) Load-vertical displacement relationships for nodes 1,14 and 
20 of Test Model MI/88. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S= ultimate load of model; node I has deflected upwards while nodes 14 
and 20 have deflected downwards linearly; 
S-T = post-ultimate range; structure collapses dynamically; node 1 deflects 
downwards to original level; nodes 14 and 20 deflect further 
downwards; 
T-U = recovery from dynamic collapse effects; node I changes little while 
nodes 14 and 20 deflect further downwards. 
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Figure (5.27) Symmetry test parameters for Test Model MI/88. The graphs 
show relationships between the total applied load and axial strain or 
displacement of selected symmetrically positioned members or nodes, 
respectively, that may be used to evaluate symmetry of behaviour of the 
model. 
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Figure (5.29) Load-axial strain relationships for members 2,15 and 19 of 
Test Model MI/89. Positive axial strain implies tension. The following key 
points and regions may be identified on the experimental curves: 
S= ultimate load of model; members 2,15 and 19 have undergone linear 
elastic deformations; 
S-T = post-ultimate range; members 2,15 and 19 unload along elastic 
modulus line. 
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Figure (5.30) Load-strain relationships for member 11 of Test Model MI/89. 
The following key points and regions may be identified on the experimental 
curves: 
(ii) Shape oP member It 
w 
S ultimate load of model; member II slightly bent in y-y plane; 
S-T post-ultimate range; member II bends further in y-y plane. 
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Figure (5.31) Load-strain relationships for member 24 of Test Model MI/89. 
Positive axial strain implies tension; positive bending strain in the Y-Y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
1700 
S= ultimate load of model; member 24 in tension and unbent; 
S-T = post-ultimate range; member 24 unloads along elastic modulus line. 
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Figure (5.32) Load-strain relationships for member 29 of Test Modcl MI/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 29 has undergone large non-linear 
axial deformation and bending in y-y plane and slight bending in x-x 
plane; 
S-T = post-ultimate range; member 29 undergoes large axial and bending 
deformations. 
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Figure (5.33) Load-strain relationships for member 32 of Test Model MI/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S ultimate load of model; member 32 has undergone large non-linear 
axial deformation and bending in y-y plane and slight bending in x-x 
plane; 
S-T post-ultimate range; member 32 undergoes elastic recovery. 
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Figure (5.34) Load-vertical displacement relationships for nodes 7,8 and 
12 of Test Model M1/89. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S= ultimate load of model; nodes 7,8 and 12 have undergone downward 
non-lihear deflections; 
S-T = post-ultimate range; nodes 7 and 8 undergo large downward 
deflections; node 12 deflects slightly upwards but suffers net 
downward displacement when experiment is stopped. 
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Figure (5.35) Symmetry test parameters for Test Model MI/89. The graphs 
show relationships between the total applied load and axial strain or 
displacement of selected symmetrically positioned members or nodes, 
respectively, that may be used to evaluate symmetry of behaviour of the 
model. 
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Figure (5.37) Load-strain i-elationships foi- members 2, IS and 19 of Test 
Model M2/89. Positive axial strain implies tension. The following key 
points and regions may be identified on the experimental curves: 
S= ultimate load of model; members 2,15 and 19 have undergone lincar 
elastic deformations; 
S-T = post-ultimate range; menibcrs 2,15 and 19 unload along elastic 
modulus line; 
T-U = model takes on more load; members 2,15 and 19 reload practically 
along elastic modulus line; 
U-V = load removal; members 2,15 and 19 virtually regain original form. 
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Figure (5.38) Load-strain relationships for mernI)er 11 of Test Model M2/89. 
Positive axial strain implies tension; positive bending strain in the Y-Y 
plane implies convexity on tile outer flange fibres; the sign of bcnding 
strain in the x-x plane is not relevant since the rnembcr has equal chances 
of bending ill the positive or licgative directions of tile plane. The 
following key points and region, -, may be identified on tile experimental 
curves: 
S= ultimate load of model; member II has undergone linear elastic 
deformations and slight bending in y-y plane; 
S-T = post-ultiniate range; structure collapse dynamically; member 11 
undergoes axial strain reversal from compression to tension; 
curvature of outer flange fibres changes from convex to concave; 
T-U = model takes on more load; member 11 undergoes further deformations; 
U-V = load removal; member II undergoes slight elastic recovery but suffers 
permanent plastic deformat ions. 
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Figure (5.39) Load-strain relationships for member 24 of Test Model N12/89. 
Positive axial strain implies tension; positive bending, strain ill [lie y-31 
plane implies convexity on the outer flange fibres; the sign of bencillIg 
strain in the x-x plane is not relevant since the mcniber has equal chances 
of bending in the positive or negative directions of tile plane. Tile 
following key points and regions may be identified Oil tile cxperimental 
curves: 
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S= ultimate load of model; member 24 in tension and unbent; 
S-T = post-ultimate range; 
T-U = model takes on more load; 
U-V = load removal. 
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Figure (5.40) Load-strain relationships for member 29 of Test Model M2/89. 
Positive axial strain implies tension; positive bending strain ill tile Y-Y 
plane implies convexity Oil tile Outer flange fibres; tile sign of bending 
strain in the x-x plane is not relevant since the mernbcr has equal chances 
of bending in tile positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 29 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultirnate range; member 29 fails dynamically, undergoing large 
deformations; the strain gauges on the member get damaged; 
in the structure 
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Figure (5.41) Load-strain rela(ionships for member 32 of Test Model M2/89. 
Positive axial strain implies tension; positive bending strain in tile Y-Y 
plane implies convexity on the Outer flange fibres; tile sign of bending 
. strain 
in the x-x plane is not relevant since the member has equal chances 
of bending in tile positive or negative directions of the plane. The 
following key points and regions may be identified Oil the experimental 
curves: 
S= ultimate load of model-, member 32 has undergone large non-linear 
axial deformation and bending in y-y plane and slight bending in x-x 
plane; 
S-T = post-ultimate range; strLJCtLII-C collapses dynamically; member 32 
undergoes elastic recovery; 
T-U = model takes on more load; 
U-V = load removal; member 32 virtually regains original form. 
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Figure (5.42) Load-vertical displacement relationships for nodes 7,8 and 
12 of Test Model M2/89. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S= ultimate load of model; nodes 7,8 and 12 have deflected downwards; 
S-T = post-ultimate range; structure collapse dynamically; node 7 deflects 
slightly downwards and node 12 slightly upwards while node 8 
undergoes large upward deflection; 
T-U = model takes on more load; node 7 deflects further downwards, node 8 
further upwards while node 12 remains virtually unchanged; 
U-V = load removal; node 7 deflects slightly upwards. 
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Figure (5.43) Symmetry test parameters for Test Model M2/89. The graphs 
show relationships between the total applied load and axial strain or 
displacement of selected symmetrically positioned members or nodes, 
respectively, that may be used to evaluate symmetry of behaviour of the 
model. 
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Figure (5.45) Load-strain relationships for members 2,15 and 19 of Test 
Model M3/89. Positive axial strain implies tension. The , following key 
points and regions may be identified on the. exPerimental curves: 
S= ultimate load of niodel; members 2,15 and 19 have undergone linear 
elastic deformations; 
S-T = post-ultimate range; members 2,15 and 19 unload along elastic 
modulus line. 
T-U = model takes on more load; members 2,15 and 19 reload along elastic 
modulus line; 
U-V = load removal; members 2,15 and 19 regain original form. 
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Figure (5.46) Load-strain relationsbips for member 11 of Test Model M3/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member II has undergone small linear elastic 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 11 undergoes axial strain reversal from 
compression to tension; curvature of outer flange fibres changes from 
convex to concave; . T-U = model takes on more load; 
U-V = load removal; member II undergoes slight elastic recovery but suffers 
small net plastic deformations. 
Page 291 
(a) Load vs. axiaL strain 
100 
Be. 
Z 
C% 
la. 
la. ý 
CL 
0 
0o 
20f 
I 
S 
U 
T 
V 
-ý1700 6 
Strain (xlo-6) 
N 
1700 
Ciii) Graphs 
(c) Load vs. bending strain in x-x axis 
- ExperimentaL 
.. a.. Theoreticat 
Figure (5.47) Load-strain relationships for member 24 of Test Model M3/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since: the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 24 in tension and unbent; 
S-T = post-ultimate range; member 24 undergoes axial strain reversal from 
tension to compression, and large bending in y-y plane; 
T-U = model takes on more load; 
U-V = load removal; member 24 undergoes slight elastic recovery but suffers 
net plastic deformations. 
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Figure (5.48) Load-strain relationships for rnember 29 of Test Model M3/89. 
Positive axial strain implies tension; positive bending strain in the Y-Y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 29 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 29 undergoes elastic recovery; 
T-U = model takes on more load; 
U-V = load removal; member 29 undergoes further elastic recovery but 
suffers net plastic deformation. 
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Figure (5.49) Load-strain relationships for member 32 of Test Model M3/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 32 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 32 undergoes elastic recovery; 
T-U = model takes on more load; 
U-V = load removal; member 31 undergoes further elastic recovery but 
suffers small net plastic deformations. 
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Figure (5.50) Load-vertical displacement relationships for nodes 7,8 and 
12 of Test Model M3/89. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S= ultimate load of model; nodes 7,8 and 12 have deflected downwards; 
S-T = post-ultimate range; nodes 7 and 12 deflect further downwards but 
node 8 deflects upwards; 
T-TJ = model takes on more load; nodes 7,8 and 12 deflect downwards; 
U-V = load removal; nodes 7 and 12 deflect upwards but suffer net downward 
deflections. 
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Figure (5.51) Symmetry test parameters for Test Model M3/89. The graphs 
show relationships between the total applied load and axial strain or 
displacement of selected symmetrically positioned members or nodes, 
respectively, that may be used to evaluate symmetry of behaviour of the 
model. 
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Figure (5.53) Load-strain relationships for members 2,15 and 19 of Test 
Model M4/89. Positive axial strain implies tension. The following key 
points and regions may be identified on the experimental curves: 
S= ultimate load of model; members 2,15 and 19 have undergone linear 
elastic deformations; 
S-T = post-ultimate range; members 2,15 and 19 unload along elastic 
modulus line. 
T-U = load removal; members 2,15 and 19 regain original form. 
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Figure (5.54) Load-strain relationships for nicinber 11 of Test Model M4/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 11 has undergone slight non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member II undergoes further small axial 
deformation and bending in y-y plane; 
T-U = load removal; member II undergoes slight elastic recovery. 
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Figure (5.55) Load-strain relationships for member 24 of Test Model M4/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative direciions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 24 has undergone linear elastic axial 
deformation; 
S-T = post-ultimate range; member 24 unloads along elastic modulus line; 
T-U = load removal; member 24 regains original form. 
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Figure (5.56) Lwid-strain relationships for member 29 of Test Model M4/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 29 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 29 undergoes slight elastic recovery; 
T-U = load removal; member 29 virtually regains original form. 
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Figure (5.57) Load-strain relationships for member 32 of Test Model M4/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 32 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 32 undergoes large bending in x-x plane. 
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Figure (5.58) Load-vertical displacement relationships for nodes 7,8 and 
12 of Test Model M4/89. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S ultimate load of model; nodes 7,8 and 12 have deflected downwards; 
S -T post-ultimate range; node 7 deflects further downwards but nodes 8 
and 12 deflect upwards; 
T-U load removal; nodes 7 and 8 deflect upwards but suffer net downward 
deflections while node 12 also deflects upwards but suffers a net 
upward deflection. 
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Figure (5-59) Symmetry test parameters for Test Model M4/89. The graphs 
show relationships between the total applied load and axial strain or 
displacement of selected symmetrically positioned members or nodes, 
respectively, that may be used to evaluate symmetry of behaviour of the 
model. 
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Figure (5.61) Load-strain relationships for niembers 2,15 and 19 of Test 
Model M5/89. Positive axial strain implies tension. The following key 
points and regions may be identified on the experimental curves: 
S= ultimate load of model; members 2,15 and 19 have undergone linear 
elastic deformations; 
S-T = post-ultimate range; members 2,15 and 19 unload along elastic 
modulus line. 
T-U = load removal; members 2,15 and 19 regain original form. 
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Figure (5.62) Load-strain relationships for member 11 of Test Model M5/89. 
Positive axial strain implies tension; positive bending strain in the Y-Y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member II has undergone slight non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 11 undergoes further small axial 
deformation and bending in y-y plane; 
T-U = load removal; member II undergoes slight elastic recovery. 
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Figure (5.63) Load-strain relationships for member 24 of Test Model M5/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 24 has undergone linear elastic axial 
deformation; 
S-T = post-ultimate range; member 24 unloads along elastic modulus line. 
T-U = load removal; member 24 regains original form. 
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Figure (5.64) Load-strain relationships for member 29 of Test Model M5/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member 'has equal chances 
of bending in tile positive or negative directions of the plane, The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 29 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 29 undergoes slight elastic recovery; 
T-U = load removal; member 29 virtually regains -original form. 
Cii) Shape oF member 29 
1 .1 
Page 309 
lee 
1301 
a- 
0-ý- 1700 i 
Strain (00-6) 
(a) Load vs. axiaL strain 
100 
80-L 
6 13 
'0 
201 
-1700 0 
Strain C X10-6) 
17013 
100 
Sol 
z 
D 
0 
0 
0 
a. 0. 
201 
01- 
1700 0 
Strain cxlo-6) 
1700 
(b) Load vs. bending strain in y-y axis 
LGGEND 
(i) Position oF member 32 
in the structure 
17013 
Ciii) Graphs 
- Experimentat 
.. a.. 
TheoreticaL 
(c) Load vs. bending strain in x-x axis 
Cii) Shape oP member 32 
v 
........... 
Figure (5.65) Loid-strain relationships for member 32 of Test Model M5/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 32 has undergone large non-linear 
axial deformation and bending in y-y plane; 
S-T = post-ultimate range; member 32 undergoes large bending in x-x plane. 
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Figure (5.66) Load-vertical displacement relationships for nodes 7,8 and 
12 of Test Model M5/89. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S= ultimate load of model; nodes 7,8 and 12 have deflected downwards; 
S-T = post-ultimate range; node 7 deflects further downwards but nodes 8 
and 12 deflect upwards; 
T-U = load removal; nodes 7 and 8 deflect upwards but suffer net downward 
deflections while node 12 also deflects upwards but suffers net 
upward deflection. 
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Figure (5.67) Symmetry test parameters for Test Model M5/89. The graphs 
show relationships between the total applied load and axial strain or 
displacement of selected symmetrically positioned members or nodes, 
respectively, that may be 
model. 
used to evaluate symmetry of behaviour of the 
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Figure (5.69) Load-strain relationships for members 2,15 and 19 of Test 
Model M6/89. Positive axial strain implies tension. The following key 
points and regions may be identified on the experimental curves: 
S ultimate load of model; members 2,15 and 19 have undergone linear 
elastic deformations; 
S-T post-ultimate range; structure collapses brittlely and dynamically; 
members 2,15 and 19 unload along elastic modulus line; 
T-U model takes on more load; members 2,15 and 19 reload along elastic 
modulus line; 
U-V load removal; members 2,15 and 19 regain original form. 
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Figure (5.70) Load-strain relationships for member 11 of Test Model M6/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
following key points and regions may be identified on the expenmental 
curves: 
S= ultimate load of model; member II virtually undeformed; 
S-T = post-ultimate range; structure collapses brittlely and dynamically; 
member 11 undergoes some tensile axial deformation and bending in y-y 
plane with the curvature of outer flange fibres concave; 
T-U = model takes on more load; member II undergoes further axial 
defort-nation and bending in y-y plane; 
U-V = load removal; member II undergoes elastic recovery but suffers net 
plastic deforniations. 
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Figure (5.71) Load-strain relationships for member 24 of Test Model M6/89. 
Positive axial strain implies tension; positive bending strain in the y-y 
plane implies convexity on the -outer 
flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member has equal chances 
of bending in tile positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S= ultimate load of model; member 24 has undergone linear elastic axial 
deformation and bending in y-y plane; 
S-T = post-ultimate range; strticttire collapses brittlely and dynamically; 
member 24 loses almost all axial strain by elastic recovery but 
slightly increases bending in y-y plane; 
T-U = model takes on more load; 
U-V = load removal; member 24 virtually regains original form. 
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Figure (5.72) Load-strain relationships for member 29 of Test Model M6/89. 
Positive axial strain implies tension; positive bending strain in the Y-Y 
plane implies convexity on the outer flange fibres; the sign of bending 
strain in the x-x plane is not relevant since the member, has equal chances 
of bending in the positive or negative directions of the plane. The 
following key points and regions may be identified on the experimental 
curves: 
S ultimate load 6f model; member 29 has undergone bending in x-x and 
y-y planes (curvature of outer flange fibres concave); 
S-T post-ultimate range; structure collapses brittlely and dynamically; 
member 29 undergoes large deformations, damaging the strain gauges. 
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strain in the x-x plane is not relevant since the member has equal chances 
of bending in the positive or negative directions of the plane, The 
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curves: 
S= ultimate load of model; member 32 has undergone linear elastic axial 
deformation and bending in x-x and y-y planes; 
S-T = post-ultimate range; structure collapses brittlely and dynamically; 
member 32 undergoes elastic recovery; 
T-U = model takes on more load; member 32 reloads elastically; 
U-V = load removal; member 32 regains original form. 
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Figure (5.74) Load-vertical displacement relationships for nodes 7,8 and 
12 of Test Model M6/89. Downward displacement is positive. The following 
key points and regions may be identified on the experimental curves: 
S= ultimate load of model; nodes 7,8 and 12 have deflected downwards; 
S-T = post-ultimate range; structure collapses brittlely and d namically; 
node 7 deflects further downwards while nodes 8 anT 12 deflect 
upwards along elastic modulus line; 
T-U = model takes on more load; nodes 7 and 12 deflect downwards while node 8 deflects further upwards; 
U-V = load removal; node 7 deflects upwards but suffers net downward 
deflection; node 8 deflects downwards but suffcrs net upward 
deflection; node 12 regains original level. 
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'An eLaborate study of eccentrically loaded columns with end 
restraints must be considered as the first step in an investigation 
of the behaviour of columns as part of a rigid frame or in 
estimating the effect of secon&ry stresses in trusses upon the 
buckling strength of its compression members. This study will 
Presumably prove that the effect upon buckling strength of an 
initial eccentricity of the axial load or an initial curvature of 
the Column Is considerably over-estinzated in view of the end 
Conditions which prevail in conventional metal structures. " 
Bleich (1952). p. 51. 
CHAPTER 
GENERAL DOSCUSSOM 
6.1 Introduction 
In carrying out the studies described in this thesis the student 
was initially inspired by the works of Marsh (1983) on the 
optimisation of space trusses by introducing non-linearity in the 
members. The need to optimise space trusses is usually advanced as 
follows: Many space truss configurations give highly redundant 
structures. The analysis and design of such structures is currently 
confined to the elastic range of behaviour. Construction efficiency 
dictates that a minimum number of different sections of structural 
members are used in the assembly of the structure. The structure is 
designed to ensure that the most stressed member carries only a 
portion of its failure load. This portion, resulting from the 
application of a "factor of safety", differs from one Code of 
Practice to another. Under-utilisation of some members is almost 
always inevitable. The hyperstatic nature of the structure means 
that even if the applied loads were increased until the first 
collapse of a member was achieved, the structure as a whole would 
not necessarily collapse. Indeed the structure may still perform 
its intended purpose. The structure may also be able to carry more 
load above that which first caused local failure. 
It would therefore appear that one way of optimising space 
trusses exhibiting such behaviour is by carrying out collapse 
analysis and design of the structure. Collapse behaviour is 
generally inelastic and falls in the realm of non-linear mechanics. 
The present collapse methods of design of space trusses, 
unfortunately, suffer from several shortfalls. Firstly, the 
analysis of full-size space trusses, even in the elastic range, 
while not difficult in principle, poses a problem in practice 
because of the magnitude and cost of the computations involved. If, 
in addition, information on the behaviour in the inelastic range is 
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required, the magnitude of the problem is increased greatly. 
Secondly, because the concentric compression members normally used 
in the construction of space trusses exhibit brittle failure when 
they fall in the economic range of slenderness ratio, the result is 
that the overall collapse of the structure may occur suddenly after 
local failure has taken place in one part of the structure, leading 
to a rapid propagation of the collapse zones. It may be added that 
the reserve of strength is usually unknown and currently cannot be 
safely used by designers. Such reserve strength and the 
redistribution of forces that accompanies progressive failure of 
members can only be established by investigating the behaviour of 
the structure in the inelastic range. Collins (1981) has, for 
example, demonstrated that a 5x5 offset square-on-square 
double-layer space truss supported at the four bottom-layer corner 
joints does carry more load above the initial collapse load. 
Schmidt et al (1976) has also shown that a 6x6 offset 
square-on-square space truss can carry load in excess of that which 
caused the compression failure of a chord member. 
In the elastic range of behaviour the analysis of space trusses 
is usually performed using the finite element method. When a large 
number of elements is involved analogous continuum methods (such as 
plate analogy), or methods in which coarser mesh structures 
approximating the real one, may be used (Kbabbazan, 1989). In the 
inelastic range, which may incorporate unstable post-buckling 
characteristics of compression members, most investigators use the 
discrete finite element approach with the non-linear element 
behaviour approximated by series of straight lines. In general, the 
greater the number of such line segments used the more accurate the 
solution will be, but often a compromise has to be made between the 
opposing requirements of accuracy and computational costs. 
For a given material, brittleness of the compression members can 
be reduced by design that alters their behaviour. In general such 
design can be effected on the elements of the structure or the 
connecting nodes at the ends of the elements or a mixture of the 
two. The "soft" members described by Parke (1988) fall under the 
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first category, while the overlapping continuous members used by 
Schmidt et al (1977) contain aspects of both approaches. In Parke's 
method the soft member consisted of three inter-fitting circular 
hollow mild steel tubes loaded concentrically and proportioned and 
built up in such a way that in compression the assembly behaved as 
a force-limiting device with a greatly enhanced ductile response. 
However, when the soft members were incorporated into the 
compression chords of square-on-square double-layer grids, the 
ductility of the structures was not significantly improved. The 
bending moments that the soft members were subjected to and the 
imperfections introduced into the structure during fabrication were 
blamed for the poor performance. In the same test programme by 
Parke, very good ductility of the structures was achieved by 
permitting tensile yield in the 'lower chord members in conjunction 
with the yielding of eight soft members symmetrically positioned in 
the top compression chord of the structures. Eccentricity of 
loading has been suggested by Marsh and Fard (1984) and Schmidt et 
al (1977) as a means of reducing brittleness in compression members 
and consequently improving the ductility of space trusses. However, 
detailed quantitative data on the correlation between eccentricity 
and ductility in space trusses is scarce. Marsh (1986) has also 
suggested that space truss performance could be improved by a 
selective removal of some members of the structure. 
In most inelastic collapse analyses of the space trusses that 
have been variously undertaken, the idealisation of the compression 
members has been based on the experimentally determined behaviour 
of the members. The numerous experimental response functions are 
further distorted by the interpretation of the experimentalist. As 
a consequence, the synthesis of the constitutive models is so 
specific that the range of application is actually confined to the 
scope of the laboratory test conditions. 
6.2 Conclusions 
This thesis has attempted to systematically present in 
quantitative terms the relationship between the eccentricity of 
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members and the behaviour of the space truss of which the members 
are part. The studies have been made on both isolated compression 
members and small size structures. The behaviour has been 
investigated well into the post-critical range. The theoretical 
behaviour of the compression members has been based on concepts 
formulated by Jezek (1937) for eccentrically loaded compression 
members. The analytical expressions derived for eccentric column 
behaviour in the inelastic range have been the basis for the 
approximate modeling of the compression behaviour in the non-linear 
collapse analyses of the double-layer space trusses. A steel 
tee-section has been used in the investigations, although in the 
construction of the offset-square-on-square (Type 1) double-layer 
space truss models solid round bars had to be incorporated as 
diagonal bracings at the corners to avoid premature failure. The 
small scale program of laboratory tests has been carried out as a 
check on the theoretical results of the behaviour of both single 
members and the space trusses. 
In conventional design eccentricity is usually viewed as a 
nuisance that must be eliminated as far as possible. This may well 
be so if strength were the only criteflon of design. The current 
studies have demonstrated that eccentricity of loading in a 
compression member reduces the brittleness with which the member 
fails. This is accompanied by a decrease in the axial load that the 
member can support. This is because an eccentric element is 
simultaneously subjected to an axial force and a bending moment, 
the two being complementary with respect to the strength of the 
member. Since the bending moment is directly proportional to the 
eccentricity, the bending effects become more predominant with 
increasing eccentricity, whereas the axial effects become more 
critical as the eccentricity is reduced. To be able to utilise the 
improved ductility of eccentric compression elements without 
excessive shedding of ultimate strength, it is necessary to 
determine an optimum balance between the two requirements. 
In the present study, the eccentric loading on the tee-section 
compression members was applied in the symmetry plane y-y. All the 
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eccentrically loaded compression members failed by buckling in this 
plane. The concentrically loaded compression members, on the other 
hand, failed by buckling in the weaker x-x plane. Although the 
experimental ultimate loads of the columns were lower than the 
theoretically determined values, the shapes of the two sets of 
curves were in very good agreement with each other. The difference 
between the experimental and theoretical ultimate load values was 
explained by the presence of imperfections in the real columns. The 
possible imperfections included: 
1) Residual stresses and lack of homogeneity in the material that 
arise from plastic strains induced during manufacture. In their 
studies Davids and Hancock (1986a, 1986b) showed that magnitude 
and distribution of residual stresses in hot-rolled steel 
sections are mainly dependent on the geometry of the 
cross-section and its cooling history; 
2) Initial curvature and unintentional eccentricity in the member. 
The initial curvature of the column specimens was measured by 
sliding a sensitive dial gauge along the column and comparing 
the offsets with respect to the column ends. The offsets were 
found, on average, to be of negligible magnitude in comparison 
with the applied eccentricities of loading. 
Both the theoretical and experimental results showed that the 
columns were torsionally very rigid. 
It was also shown that the improved ductility obtained by 
eccentrically loading compression mild steel members could be 
extended to improve the ductility of space trusses., Eccentrically 
loaded members were incorporated in the structure in lieu of 
carefully selected concentrically loaded members. The structure 
attained its initial collapse state more gradually with increasing 
eccentricity. The improved ductility with increasing eccentricity, 
however, was accompanied by a decrease in the ultimate load of the 
structure. This phenomenon was similar to that exhibited by the 
isolated compression members discussed above. To maintain a high 
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ultimate load while exploiting the benefits of ductility it would 
be necessary to use, for example, larger sections of the 
eccentrically loaded members. An investigation into the optimum 
member size for a given eccentricity, so as to achieve an 
economically acceptable level of ultimate load, has not been 
undertaken in this study. 
In the experiments on the space truss models, two types of 
structural configuration were used. The first, called Type 1, was a 
5x5 square-on-offset-square double-layer space truss constructed 
from tee-section members with a centre-to-centre length of 749mm. 
All the joints were formed by welding the members on specially 
designed Triodetic-type nodes. The structure was supported at the 
four bottom corner joints. The load, which was controlled by 
displacement, was applied symmetrically on the four top-layer nodes 
closest to the centre of the structure. Strain gauges, load cells, 
and displacement transducers recorded the strains, loads, and, 
displacements, respectively, and these were logged by computer. One 
Type 1 space truss was tested in which all the top-layer members 
were welded at an eccentricity of five millimetres while the rest 
of the members were welded concentrically with respect to the nodal 
points. The behaviour of the model was as would be expected for a 
model with all its members concentrically loaded. Two theories were 
suggested to explain the unexpected behaviour of the model: 
1) The top-layer members were probably not subjected to an 
eccentricity after all. This might have arisen from undercutting 
and over-reinforcement defects, distorting the alignment of the 
lines of action of the would-be eccentrically loaded members. It 
was, however, not possible to assess the extent to which the 
undercutting or over-reinforcement of the welds might have 
affected the integrity of the fabrication of the model. 
2) The theory of eccentric buckling adopted in Chapter 2 deals only 
with simply supported (or "pinned") columns. In actual 
structures the compression members usually are framed into the 
adjacent members of the structure and may be regarded as columns 
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having elastically restrained ends. This was certainly the case 
in the model under consideration. It has been shown in some 
studies (Schmidt et al, 1977) that continuity, joint detail and 
adjoining members do affect the overall behaviour of a framed 
structure. These conditions reduce the effect of the moment of 
eccentricity upon the buckling load of the eccentrically loaded 
members (Chwalla, 1937). 
In view of the unsatisfactory performance of welded 
eccentrically loaded members in the Type 1 truss model, the 
eccentrically loaded members in all the subsequent models, of an 
offset-square-on-square configuration (Type 2), were joined 
together with bolts on a specially designed node. The 
concentrically loaded members were, however, welded as before. To 
reduce fabrication costs and time the Type 2 truss models were 
small 1XI sub-assemblages with member length, support conditions 
and load arrangements similar to those used in the Type, I truss 
model. To preclude premature failure of the four highly stressed 
comer diagonal members, miId steel one-inch-diameter round bars 
were used in these positions. Six Type 2 truss models were tested. 
The behaviour of the eccentrically loaded members was as predicted. 
A non-linear analysis FORTRAN 77 computer program, based on the 
finite element stiffness method of structural analysis, was 
developed to investigate the theoretical collapse behaviour of 
double-layer space trusses. An important innovation of the program 
was the ability to automatically search for a solution when elastic 
unloading occured in the plastic region of some members. 
(Traditionally this exercise has been undertaken interactively. ) 
Both Type I and Type 2 space trusses were analysed for different 
eccentricities in the top-layer members. The collapse patterns 
obtained for the structures showed that for highly redundant 
structures the failure of some members of the structures did not 
necessarily lead to the complete collapse of the structure. The 
structure might in fact carry more load in excess of that which 
caused first collapse. The increase in load capacity depends on the 
conAguration of the structure, boundary conditions, and the way 
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the load is applied. The results also showed that the introduction 
of an eccentricity resulted in a more gradual attainment of the 
ultimate load of the structure and a more gradual falling off of 
load in the post-ultimate region. These characteristics were, 
however, less evident in the less stiff Type 2 trusses, where the 
compressive failure of the top-layer members left the structure 
with very little structural stiffness, resulting in very large 
deformations. 
A comparison shows that the experimental ultimate loads were on 
average 13% lower than the theoretical values. The discrepancy was 
attributed to the geometrical and material imperfections in the 
members and in the fabrication processes of the truss models. 
It may be concluded overall that eccentricity in compression 
members can be exploited for the optimisation of space trusses. 
6.3 Further research 
It was noted in Chapter 4 that the members with the highest 
compressive elastic stresses were the 'ones subjected to eccentric 
loads. This made the assessment of eccentricity effects possible at 
low applied external loads. These members were generally found to 
be in the top-layer grid of the structures, and it was decided that 
since all the top-layer members contained either compressive or 
null forces, an eccentricity be applied to all of them to simplify 
the fabrication of the experimental truss models. The vulnerability 
of the most stressed compression members was consequently enhanced 
by the introduction of an eccentricity. To compensate for the loss 
of ultimate load caused by eccentricity it would be necessary to 
use bigger sections for the critical compression members. These 
members would have to be proportioned in such a way that they 
attained ultimate loads and went into the post-buckled state for 
the desired ductility of the structure before brittle failure of 
any member in the structure occurred. 
Good ductility is important in cases where the structure suffers 
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a sudden overload, such as an earthquake. With importance being 
increasingly attached to "Limit S tate Design" the question of 
ductility can only assume greater significance. As more powerful 
computers become available at low prices, it will be necessary to 
base the non-linear collapse analyses on mathematically more 
accurate characteristics of the member behaviour so that smoother 
graphs can be obtained for better comparisons with the experimental 
findings. 
From the foregoing discussion it is evident that at present the 
only way of ensuring that a space truss can have a reserve strength 
above and over the initial collapse load is by specially designing 
the members. Some previous investigations into the collapse 
behaviour of ordinary space trusses have been able to find cases 
where the load factor exceeded unity beyond initial collapse. See, 
for example, Collins (1981) and Schmidt et al (1977). It would be a 
major breakthrough if simple criteria were established for 
identifying structures that have, or are likely to have, reserve 
strength beyond their initial collpse. A detailed computational 
analysis would then be needed to determine the magnitude of the 
collapse load and associated stresses, strains and deflections. 
APPENDBX I 
THE CORE OF A SECTION 
(This section is based on Timoshenko and Gere (1972)). 
The action of an axial load P acting on a member at an 
eccentricity e from the centroid of the cross-section is equivalent 
to that of a force P applied at the centroid plus a bending couple 
equal to Pe. Hence the resultant stress at any point in the 
cross-section (of the unbent member) is the sum of stress due to 
the central force and the bending moment, that is: 
p+P 
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Figure (AIJ) Eccentric axial force. 
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The equation of the neutral axis (line n-a in Figure (Al. 1)) can be 
obtained by setting (Y =0 in Equation (Al. 1); thus 
AI (Al. 2) 
is the equation of the line of zero stress. The equation shows that 
the neutral axis lies above the x-x axis when the load P is a 
tensile force acting below the x-x axis. If the eccentricity e is 
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reduced, the neutral axis will move farther from the centroid, and 
if e is increased, the neutral axis will move closer to the 
centroid. (If on the other hand the load P is a compressive force 
acting below the x-x axis the neutral axis lies above the x-x axis; 
reducing the eccentricity e causes the neutral axis to move closer 
to the centroid, and vice versa). When the eccentricity of the 
applied axial load P is small, the neutral axis will lie outside of 
the cross section. This means that the normal stresses will have 
the same sign throughout the cross section. A condition of this 
kind is often important when a compressive load acts on a material 
that is very weak in tension, such as soil or concrete. In such an 
event it may be necessary to ensure that the load produces no 
tension at any point of the cross section. There will be a small 
region around the centroid such that a compressive load P acting 
within that region will produce compression over the entire cross 
section. This region is called the core or the kern of the section. 
The kern limit is the perimeter of the kern. The value of e=e" 
for which the neutral axis just lies outside the cross section is 
called the core radius. The concept of the core of a cross section 
was introduced by Bresse (1880). 
Rectangular section: To find the core of a rectangular cross 
section consider Figure (Al. 2). If the load lies along the positive 
y-y axis, the neutral axis will coincide with the upper edge of the 
section when the load is at point 2, -a distance e'= ey+ from the 
centroid. The distance e 
rY+ 
can be 
3 
found from the Equation (Al. 2) 
by substituting y= -h12, I= bh /12, and A= bh. As shown in 
Figure (Al. 2) this gives: 
e ry+ 
h 
... (A1.3) 
In the same manner, the neutral axis coincides with the left-hand 
edge of the section when the load P acts on the positive x-x axis 
at point 3, a distance b16 from the centroid. As the load moves 
along a straight line between the points 2 and 3, the neutral axis 
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will rotate about point 1 at the comer of the rectangular cross 
section, so that line 2-3 is one of the sides of the core. The 
other three sides can be located by symmetry, and it is seen that 
the core is a rhombus with diagonals b13 and W. As long as the 
point of application of a compression load P is within this rhombus 
(the "middle third"), the neutral axis will not intersect the 
cross-section, and the entire section will be in compression. 
Tee section: The core of a tee section can be found by the same 
method as the one described above for a rectangle. Consider Figure 
(Al. 3). If the load lies along the positive y-y axis, the neutral 
axis will coincide with the upper edge of the flange when the load 
is at point 1, a distance e= ey+ from the centroid. To determine 
this distance, the following substitutions are made in Equation 
(A 1.2): 
B t2 +tD2_ t2 
-C 
yf-wf 
I=I= 1[t, 
ý, 
(D 
- C)3 +B 
C3 
- 
(B 
- t)(C _ tf) 
3] 
x3YYWY 
A=B tf + t, 
(D 
- tf) 
where all the symbols are as defined under "NOMENCLATURE" on pp. 
(ix) and (x). Hence: 
Ix 2 
[tw (D 
_C3+B 
C3 
- 
(B 
t .) 
(Cy 
_ tf) 
3] 
ry+ A-r- = :322 t2) yB tf + t, (D f 
(AIA) 
If the load lies along the negative y-y axis, then the neutral axis 
will coincide with the lower edge of the web when the load lies at 
point 3, a distance e=e 
ry- 
from the centroid. In Equation (Al. 2) 
landA are asabove buty=D -Cy. Therefore, 
Page 335 
Ix2 tw(D -C3+B 
C3 B-t- t') 
elry. -- =- -3 
J 
W) 
(c 
"2 
y tf 
(B 
- tw) 
(2D tf) + tw D 
(Al. 5) 
Ile negative sign in front of the right-hand side of Equation 
(Al. 5) indicates that the distance ery_ is on the negative side of 
the y-y axis, that is, above the centroid. 
If the load lies along the positive x-x axis, then the neutral 
axis will coincide with the left-hand edge of the flange when the 
load is at point 2, a distance e=e rX+ 
from the centroid. In this 
case the following substitutions are made in Equation (Al. 2): 
y=4 
I=j =IB3+ 
(D 
y 17 
Itf 
Hence: 
tf) t-11 
21 tfB3+ 
(D 
-t f) t3 
X-7T 
tf B+(D- tf) r"'] 
(Al. 6) 
By symmetry the core radius for the case when the load lies 
along the negative x-x axis is e 
rx- = 
erx+. The points 1,2,3 and 
4 in Figure (A1.3) are bounds of the core in the principle axes of 
the tee section. The full perimeter may be determined by 
considering intermediate axes, but the exact shape will depend on 
the dimensions of the tee section. It is of course possible for 
part of the core to lie outside the boundary of the tee section. 
For the tee section of geometry given in Appendix 3, that is, B 
= 25.22 mm, D= 24.71 mm, tf = 3.49 mm, tW = 3.40 mm, A= 160.03 
mm2, C=7.31 mm, I= 8837.01 mm. 4, I= 4733.67 mm, 4, rX = 7.43 YXY 
mm, and ry = 5.44 mm, the core radii in the principal axes are 
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calculated from Equations (AIA) to (Al. 6) as: 
e=7.55 mm below the centroid ry+ 
e=3.17 mm above the centroid 
ry- 
e,, + = 
2.35 mm on the right of the centroid 
e=2.35 mm on the left of the centroid rx- 
It is seen from the values of erx+ and erX. that the points 2 
and 4 fall outside the cross section. 
1.4 - 
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Figure (A1.2) The core of a rectangular cross-section. 
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Figure (Al. 3) The core of a tee-section. 
APPENDIX 2 
EQUATIONS FCR THE TORSIONAL PROPERTIES OF A TEE-SECTICN 
Elastic torsion 
The equations governing pure, elastic torsional behaviour were 
first given by St. Venant (1855). Considering equilibrium and 
compatibility conditions, the equation to be satisfied across the 
cross-section can be written in terms of the stress function ý as: 
a2ý+ 22ý = -2 ; 
X-T ay 
2 
Figure (A2.1) Stresses due 
to free torsion. 
(A2.1) 
The shear stress components indicated in Figure (A2.1) can be 
written in terms of ý as: 
,r=G00 lz ay 
-Z = -G 0 
8ý 
yz ax 
(A2.2) 
(A2.3) 
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where: 
G= modulus of rigidity; 
0= angle of twist per unit length; 
'rxz = shear stress component in the x-z plane; and 
ITYZ = shear stress component in the y-z plane. 
The boundary conditions are satisfied if-. 
aý = J -s (A2.4) 
where s is the length along the boundary; since the constant of 
integration is arbitrary, 
ý=0 
The torque, T, is therefore given by: 
(A2.5) 
T= 2G 01ý dx dy ... (A2.6) 
Putting J=2 dx dy, Equation (A2.6) becomes: 
T=GJ0... (A2.7) 
J is the torsion constant. 
The resulting stress, q, at a point in the cross-section, is 
given by: 
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G0G0R 
where R+ 
(ýa-yly is the stress factor. 
(A2.8) 
To determine J and R, equations (A2.1) and (A2.4) must be 
solved. The possible methods of solution can be divided into: (a) 
analytical methods; (b) methods of analogy; and (c) numerical 
methods. Solutions by analytical methods are generally limited to 
simple geometrical shapes such as the circle and ellipse, and 
although conformal transformation and the use of the complex 
variable will enable analysis of more complicated shapes, these are 
limited to non-technical shapes. Of the methods of analogy known, 
most investigators favour the membrane analogy. The most important 
way of obtaining a solution seems to be by numerical computation 
either by iteration or relaxation techniques. After investigating 
into the accuracy of the membrane analogy and relaxation methods, 
Dobie and Gent (1952) concluded that these two methods were most 
suitable for research and design work, the limitation being that 
neither of them gives a general solution. The advent of digital 
c omputers now permits the development of formulae of greater 
accuracy than was previously possible. Hence, finite difference 
techniques can be used to provide solutions for complex boundary 
conditions not readily evaluated by analytical procedures. 
The procedure for building up the formulae for the torsion 
constant of structural shapes follows the pattern explained by El 
Darwish and Johnston (1965), whereby the added torsional rigidity 
caused by the juncture of two rectangular component parts is 
4 denoted by ccD in which D, refers to the diameter of the largest 
circle that can be inscribed at the juncture of the two component 
parts, and cc is a factor that can be determined either 
experimentally or numerically. The correction for the juncture 
effect then can be added to the torsion constant. 
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Tle essential element required for the accurate calculation of 
the torsion constant of a structural tee shape is illustrated in 
Figure (A2.2). In Figure (A2.2a) are the arbitrary assignments of 
rectangular or trapezoidal areas and end conditions that account 
for the bulk of the torsion constant contributed by these regions. 
El Darwish and Johnston assume that for a rectangle or trapezoidal 
element shown in Figure (A2.2) bounded at either end by a dashed 
line is parabolic and equivalent to the variation across the 
thickness in the interior of a rectangle of indefinite extent, 
rather than zero as it would be at the end of a rectangular cross 
section. 
B 
Parallel 
f lange 
tee t w 
(a) 
If 
F- 
I_bl _I 
tw 
I_bl Ij 
I --+v-- 
l't 
(b) 
B 
ILI I 
tee 
t2l t! 
-101 t 7- dw 
Jf 
(a) (b) 
Figure (A2.2) Basis for juncture corrections for the torsion 
constants for tee-shape sections. (From El Darwish and Johnston, 
1965). 
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The total correction represents the difference between the 
computer calculated constant for the tee in Figure (A2.2b) and the 
summation of constants for the rectangles or trapezoids in Figure 
(A2.2a) by Equations (A2.9) and (A2.10), respectively, with 
appropriate deletion of the negative terms for ends of 
cross-sections that have dashed lines. 
b3 t3 
- 2V 
e 
+ 
? 
2) 
(tl 
+ t2) 
2 
(A2.9) 
(A2.10) 
where: 
J= St. Venant torsion constant; 
r= width of a rectangular section; 
b= length of a rectangular or trapezoidal section; 
V= factor depending on the ratio b1t and is given in Table A2.1; 
t I' t2= short and 
long widths, respectively, of a trapezoidal 
section; and 
1ý, VI = end constants V for the short and long ends, respectively, 
of a trapezoid, as given in the expressions (A2.11) and 
(A2.12) below, in which S is the flange slope. 
V=0.10504 + 0.10000S + 0.08489S2 + 0.06746S 3+0.051535S4 
I 
. .. (A2.1 1) 
V, = 0.10504 - 0.10000S + 0.08489S2 _ 0.06746S3 + 0.051535S4 
. (A2.12) 
For certain particular values of slope, V3 and V, are calculated in 
Table A2.2. 
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Table A2.1 Values of the end constant V for different b1t ratios. 
Rati o b1t 2V 
1.00 0.1928 
1.10 0.1973 
1.20 0.2006 
1.30 0.2031 
1.40 0.2050 
1.50 0.2064 
1.60 0.2074 
1.80 0.2086 
2.00 0.2093 
2.50 0.2099 
3.00 0.2101 
4.00 0.2101 
ca 0.2101 
r 
b 
U 
nr 
Table A2.2 Values of the end constants V. and VI for standard slopes. 
Slope S v9 v1 
1/6 0.12441 0.09045 
1/20 0.11026 0.10026 
1150 0.10707 0.10307 
I/co 0.10504 0.10504 
The correction coefficients, (X, are made dimensionless by the 
introduction of D4. Thus: I 
L computedl (J for arbitrarily chosen (A2.13) 
D4 
[(J 
o-f teej - (segments in Figure (A2.2a))] ... 
I 
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For the parallel flange tee section: 
D, = 
(tf 
+ r)2 +tw 
(r 
+ 
2r + If 
For the I-section tee segment: 
(F 
+w 
(r 
+ 
+r+t3 
where: 
rs 
-I- 
+ 
(A2.14) 
(A2.15) 
(A2.16) 
The resulting values of cc for the two cases are presented 
graphically in Figures (A2.3) and (A2.4), respectively. The dashed 
lines are plotted from the empirical formulae (A2.17) and (A2.18), 
which give a good approximation for cc in the range 0.2 < r1t f<1.0 
and 0.5 < tjtf < 1.0. 
For the parallel flange tee section: 
trt 
5iw cc = -0.0420 + 0.2204 w, 0.1355r - 0.0865 w2-0.072 w 
[f 
tf 
. (A2.17) 
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Figure (A2.3) Values of cc for parallel flange tee shapes. (From El 
Darwish and Johnston, 1965). 
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Figure (A2.4) Values of cc for I-section tee shapes witil flange 
slope S= 116. (From El Darwish and Johnston, 1965). 
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For I-section tee segment: 
cc = -0.0836 + 0.2538 
t'+0.1268L 
- 0.0806 
t'r-0.0858 (tw, 
i- .2. t 
2 
. (A2.18) 
After (x is determined, the torsion constants, J, for the 
structural tee shapes shown in Figure (A2.2) are readily calculated 
by the following equations. 
For the paralleI flange tee-section: 
j=IB3+t3+ cc D4-0.210f - 0.105t4 ... (A2.19) 3 If wIw 
For the I-section tee segment: 
twt+t (t2 
+t 2) +tt3+ 
'(D 
-t tw3 --= 
(1 
2) 12W2 2) 
+D4- 2V t4 - 0.105t4 2s1 
The torsional constants for sections composed of thin 
may be computed as the sum of the values for the 
(A2.20) 
rectangles 
individual 
components in which neither the end loss correction nor the 
juncture correction are included. For most 
this approximation causes little error, thus: 
common structural shapes 
j, Eb3t... (A2.21) 
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where b is the long dimension and t the thin dimension of the 
rectangular elements. For the parallel flange tee section the 
expression (A2.21). yields: 
[B ?f+ (D 
- t) t3] fw (A2.22) 
The warping factor CW of a parallel flange tee section can also be 
shown to be given by (Timoshenko, 1945): 
1 tf) 3tw3j 
cw 
j() + 
(D 
_7... (A2.23) 
Elastic torsion properties for a tee section of given dimensions 
Consider a parallel flange tee section with the geometric 
dimensions given in Appendix 3, where: 
tf = 3.49 mm 
t. = 3.40 mm 
B= 25.22 mm 
D= 24.71 mm 
r=0.00 mm 
From the equations, tables and graphs discussed above, the various 
torsional parameters are computed as: 
cc = 0.104 
D, = 4.32 mm 
"Exact" J= 626.30 mm 4 
Approximate J= 635.37 mm 4 
C= 17958.43 mm6 w 
The approximate value of J is only 1.4% higher than the "exactif 
Page 347 
value. In view of this, the more familiar (approximate) expression 
(A2.22) has been used in computing the torsion constant J of the 
tee section in the current studies. 
Inelastic torsion 
The analysis of inelastic column behaviour is complicated by the 
fact that the bending moment in the cross-section will subject 
different elements of the cross-section to a varying strain, and 
therefore material properties such as tangent modulus, secant shear 
modulus and Poisson's ratio will vary from one point to another. In 
addition, when strain regression is present, an abrupt change in 
the material properties of the neighbouring elements of the border 
line of the elastic and inelastic zones of the cross-section 
exists. Evaluation of the torsional stiffness coefficients of a 
cross section under such conditions is very complex. The behaviour 
of such a member can, however, be treated as that of a composite 
member made of numerous elements with different "elastic" 
properties. Numerical computation by relaxation techniques has been 
used by various investigators to solve the torsion problem for 
different cross-sectional shapes (Shaw 1944, Southwell 1946, Dobie 
1952, Allen 1955, Ely and Zienkiewicz 1960). Hariri (1967) proposed 
a modified relaxation procedure for solving the torsion problem of 
a tee-shaped column member whereby a relation is used to 
approximate the torsional stiffness of the cross section in the 
inelastic post-buckling region. The effects of the initial 
curvature and eccentricity of loading in the web or the flange 
directions were considered. The computations were implemented on 
the 7090 digital computer at the University of Michigan. 
The finite element method is now a well-established technique 
for the linear and non-linear analysis of complex structures and 
structural shapes. Nethercot and Rockey (1971) demonstrated the 
accuracy of the method in dealing with problems of the buckling of 
columns and beams. The finite element method has, however, not yet 
been developed into a package for the analysis of the post-buckling 
behaviour of columns with unstable equilibrium. The theoretical 
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study of torsional effects in the post-buckled range of columns has 
not been considered in the current investigation. 
The shear centre of a tee section 
The shear centre is the location in a cross section where no 
torsion occurs when flexural shears act in planes passing through 
that location, that is, loads applied through the shear centre will 
cause no torsional stresses to develop. Any load through the shear 
centre, even though it may act in a skew direction, can be resolved 
into two components, one in the direction of the y-y axis and the 
other parallel to the x-x axis. The first load will produce bending 
in the z-y plane with the x-x axis as the neutral axis. The second 
load will produce bending (without torsion) in the z-x plane with 
the y-y axis as the neutral axis. If the load does not act through 
the shear centre, it can always be replaced by a load through that 
point and a twisting couple. 
It can be shown that the position of the shear centre depends on 
the properties of the cross section only (Salmon and Johnston 1980, 
Kollbrunner and Basler 1969). It is therefore constant with respect 
to the cross section for prismatic members and may be given by the 
coordinates X0 and YO which are, respectively, the X- and 
y-coordinates. Locating the shear centre is not always an easy 
task. For solid sections and for closed, hollow sections, it is 
usually located near the centroid. Such sections usually have high 
torsional rigidity, and hence the effects of twisting can be 
ignored if the loads are applied at or near the centroid. Sections 
of thin-walled, open cross section (such as channels and angles) 
are torsionally very weak, and in such instances it is important to 
know the location of the shear centre and to take into account the 
effects of twisting when the loads do not pass through the shear 
centre. The shear centre of a monosymmetric parallel-flange tee 
section can be considered to be at the centre of the flange, 
giving: 
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x0= 
17 - 
f, 
- 
tf 
J0- 'y -T } (A2.24) 
The polar moment of inertia with respect to the shear axis may 
be computed by the parallel axis theorem, that is: 
ý=Ip+A yo 
The corresponding radius of gyration, ro, is given by: 
r2 r+ Yo r VII r2+22 0 71 y x 
Assuming the tee section of dimensions considered above: 
yo = 5.57 mm 
lý = 18535.59 mm 
ro = 10.76 mm 
(A2.25) 
(A2.26) 
APPEND ax 
CECIMETRICAL PROPERTIES OF A TEE-SECTION 
Consider a tee section of the linear dimensional parameters 
shown in the figure below. 
B 
-x 
D 
I 
y 
The rest of the geometric properties are determined as follows. 
Area: 
B tf + (D - tf) tw ... (Al 1) 
The y-coordinate of the centre of gravity from the outer fibre of 
the flange: 
ZA y 
'B t2 +tw (D2 _t 
2) 
cY=--ff... (A3.2) 
EA. B tf '+ (D - tj tý, 
Moments of inertia with respect to the principal x-x and y-y axes: 
I. A y2 
I [t,, (D 
_C)3+e_ 
(B 
_t) 
(C 
_ tj 
3] 
... (A3.3) =3yyWy 
Page 351 
I=ZA x2 = T' B3+ 
(D 
_t)t 
3] 
... (A3.4) y TZ 
Itf 
fw 
The polar moment of inertia with respect to the centroid: 
I=I+I... (A3.5) 
Pxy 
The radii of gyration corresponding to Ix, IY, and I, in that 
order: 
I 
x 
171- 
r=fy y 
I-I- 
= 
I-T--+-Iy ,=/22 
P VA VA xy 
(A3.6) 
(A3.7) 
(A3.8) 
The tee section studied in the experiments described in Chapter 
3 had the following mean dimensions: 
tf = 3.49 mm 
t=3.40 mm 
B= 25.22 mm 
D= 24.71 mm 
The geometric properties are determined from the above formulae as: 
A= 160.03 mm2 
c=7.31 mm 
1= 8837.01 mm 4 
x 
I= 4733.67 Mryi4 
Iy= 13570.68 MM4 
p 
r=7.43 mm 
r=5.44 mm y 
9.21 mm 
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